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FIXED POINTS IN AN INTUITIONISTIC MENGER SPACE
RAJINDER SHARMA (U AND RAKESH BATRA 2

ABSTRACT. In this paper, we established common fixed point theorems for two
pairs of self maps by using the new concept of weakly subsequential continuity
(wsc) with compatibility of type (E) in an Intuitionistic Menger space (briefly IM
space). We deduce important results in this line by restricting the number of

mappings involved.

1. INTRODUCTION

Soon after the concept of probabilistic metric space given by Menger [5], it became
one of the attractive area for the researchers involved in the field of fixed point theory
and its applications, especially, where the probabilistic situation arises. Schweizer
and Sklar [8,9] stimulated the study further with their pioneering article on sta-
tistical metric spaces. Working on the same line, Sehgal and Bharucha-Reid [10)]
studied some fixed points of contraction mappings on probabilistic metric spaces.
Stojakovic [12-14] brought forward the legacy with his pioneering work on proba-
bilistic metric spaces and its applications. Singh and Pant [11] gave some fixed point
results for commuting maps in probabilistic metric spaces. Steping one milestone
ahead, Kutucku et al. [6] developed probabilistic metric spaces due to Menger [5] to
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intutionistic Menger spaces and established common fixed point theorems with the
help of continuous ¢-norm and continuous ¢-conorm. Rashwan and Heder [7] estabil-
ished some new fixed point results for compatible mappings in Menger spaces. Pant
et al. [3] studied fixed points and its uniqueness for weakly compatible mappings
in intuitionistic Menger spaces without any appeal to the continuity of mappings.
Leaving aside the condition of continuity, Jain et al. [4] came out with some fixed
point results for absorbing type of maps in intuitionistic Menger spaces.
Bouhadjera and Thobie [1] proved common fixed point theorems for pairs of sub-
compatible maps. Singh et al. [15] introduced the notion of compatibility of type
(E) and proved some common fixed point theorems for it. Recently, Beloul [2] estab-
lished some fixed point theorems for two pairs of self mappings satisfying contractive
conditions by using the weak subsequential mappings with compatibility of type (E).
The purpose of this paper is to obtain common fixed point theorems for weak sub-
sequential continuous mappings with compatibility of type (E) in an intuitionistic

Menger space.

2. PRELIMINARIES
Definition 2.1. [3] A binary operation * : [0,1] x [0, 1] — [0, 1] is said to be t-norm
if it satisfies the following conditions:

(i) * is commutative and associative,

(ii

(iii

* 1S continuous

a*x1=aforall a €l0,1] and

)
)
)
(iv) a* b < ¢+ d whenever a < c and b < d, for all a,b,¢,d € [0, 1].

Definition 2.2. [3] A binary operation ¢ : [0,1] x [0,1] — [0,1] is said to be
t-conorm if it satisfies the following conditions:

(i) ¢ is commutative and associative,
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(ii) ¢ is continuous,
(iii) aQ0 = a, for all a € [0, 1] and

(iv) aQb < cQd whenever a < ¢ and b < d, for all a,b,¢,d € [0, 1].

Remark 2.1. [3|The concept of triangular norms (¢-norms) and triangular conorms
(t-conorms) are known as the axiomatic skeltons that we use for characterizing fuzzy
intersecion and union respectively. These concepts were originally introduced by

Menger [5] in his study of statistical metric spaces.

Definition 2.3. [3] A distance distribution function is function F': R — Rt which

is left continuous on R, non-decreasing and inf;cg F'(t) = 0, sup,cp F(t) = 1.

We shall denote by D the family of all distance distribution functions and by H a

special distance distribution function in D given by

1ift>0
H(t) =

0ift <0

Definition 2.4. [3] A non-distance distribution function is function L : R — R*

which is left continuous on R, non-increasing and inf;cg L(t) = 1, sup,cp L(t) = 0.

We shall denote by E the family of all non distance distribution functions and by

G a special non distance distribution function in F given by

1ift <0
G(t) =

0ift>0

Definition 2.5. [3] Given an arbitrary set X, a continuous ¢-norm *, a continuous

t-conorm ¢, a probabilistic distance F' and a probabilistic non-distance L on X, the
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5-tuple (X, F, L, *,{) is said to be an intuitionistic Menger space if the following

conditions are satisfied for all x,y,z € X and s,t > 0.

(IM1) F(x,y, )+L(m y,t) < 1,

(IM2) F(z,y,0) =

(IM3) F(x,y,t) = H( )iff x =y,

(IM4) F(z,y,t) = F(y,z,1),

(IM5) If F(x,y,t) =1 and F(y,z,s) =1, then F(x,z,t+s) =1,
(IM6) F(x,z,t+ s) > F(x,y,t) * F(y, 2, s),

(IM7) L(z,y,0) =

(IM8) L(z,y,t) = ( ) iff x =y,

(IM9) L(z,y,t) = L(y,z,1),

(IM10) If L(x,y,t) = 0 and L(y, 2z,s) = 0, then L(z,z,t +s) =0
(IM11) L(z, z,t + s) < L(z,y,£)OL(y, 2, 5)

The functions F'(z,y,t) and L(z,y,t) denote the degree of nearness and degree of

non- nearness between x and y with respect to ¢, respectively.

Definition 2.6. [6] Let (X, F), L, %, Q) be an intuitionistic Menger space with txt > ¢
and (1 —t)0(1 —1t) < (1 —1t) forall 0 <t < 1. A sequence {z,} in X is said to be
convergent to x € X if, for any € > 0 and k € (0, 1), there exists a positive integer

N such that F(z,,x,€) >1—k and L(z,,x,€) < k whenever n > N.

Lemma 2.1. [3/Let (X, F, L,*,Q) be an intuitionistic Menger spac. If there exists

a constant k € (0,1), and two elements x,y € X such that for allt >0,
F(z,y, kt) 2 F(z,y,t) and L(z,y, kt) < L(x,y,1),

Then x = y.
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Lemma 2.2. [6]/Let (X, F,L,*,0) be an intuitionistic Menger space with t xt >t
and (1-t)0(1—t) < (1—t) forall0 <t < 1. Let {z,} and {y,} be two sequences in
X converging to x and y respectively. Ift > 0 is a point of continuity of F(x,y,.) and
L(z,y,.), then lim, o F(2p,Yn,t) = F(x,y,t) and lim, . L(zp, yn,t) = L(x,y,1).

Singh et al. [15,16] introduced the notion of compatibility of type (E), A-compatibility
of type(E) and S-compatibility of type (E), in the setting of intuitionistic Menger

spaces, it becomes

Definition 2.7. Self maps A and S on an intutionistic Menger space (X, F, L, *, Q)
are said to be compatible of type (E), if lim, ..oS*T, = lim, ..cSAr,=Az and
limy oo A%z, = lim, o ASz, = Sz, whenever {x,} is a sequence in X such that

limy,— oo Az, = limy, oo Sx,, = z for some z € X.

Definition 2.8. Self maps A and S on an intuitionistic Menger space (X, F, L, *, Q)
are said to be A-compatible of type (E), if lim,_oA%x, = lim, .o ASz, = Sz,
whenever {z,} is a sequence in X such that lim,, ., Az, = lim, .Sz, = z for some
z € X. Pair A and S are said to be S-compatible of type (E), if lim, ...S%z, =
limy_ooSAx, = Az whenever {x,} is a sequence in X such that lim, .. Az, =

lim,—-S, = z for some z € X.

Remark 2.2. [t is also interesting to see that if A and S are compatible of type (E),
then they are A-Compatible and S-Compatible of type (E), but the converse need
not be true (see Example 1 [2]). Bouhadjera and Thobie [1] introduced the concept

of subsequential continuity as follows:

Definition 2.9. Self maps A and S of a metric space (X, d) are said to be sub-
sequentially continuous, if there exists a sequence {z,} such that lim, . Ax,=

limy,—ooST, =1t for some t € X and lim,,—.oc AST,, = At and lim,_.SAx, = St.
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Motivated by the Definition 2.9 and [2], we define the following in the setting of

intutionistic Menger space.

Definition 2.10. Self maps A and S defined on an intuitionistic Menger space
(X, F,L,*, Q) are said to be weakly subsequentially continuous (in short wsc), if
there exists a sequence {z,} such that lim, Az, = lim, .Sz, = z for some

z € X and lim,_oc ASx, = Az or lim,,_.ooc SAx,, = Sz

Definition 2.11. Self maps A and S defined on an intuitionistic Menger space
(X, F, L, %, Q) are said to be S subsequentially continuous, if there exists a sequence
{z,,} such that lim,, ... Az, = lim,_..Sx, = z for some z € X and lim,_,.,SAx, =

Sz.

Definition 2.12. Self maps A and S defined on an intuitionistic Menger space
(X, F, L,*, Q) are said to be A subsequentially continuous if there exists a sequence
{z,,} such that lim,, ... Az, = lim,_..Sx, = z for some z € X and lim,_,,ASx, =

Az.

Remark 2.3. If the pair of mappings {4, S} is A-subsequentially continuous (or

S-subsequentially continuous) then it is wsc (see Example 3 [2]).

3. MAIN RESULTS

Theorem 3.1. Let A, B, S and T be four self mappings of an intuitionistic Menger
space (X, F, L,*,Q) with continuous t-norm x and continuous t-conorm { satisfying
txt>tand (1 —t)0(1 —1t) < (1 —1t) for all0 <t < 1. Suppose there exists a

constant k € (0,1) such that for all z,y € X and t > 0 the following conditions are
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satisfied:

F(Axz, By, kt) > min{ F(Sx, Ty, t),F(Ax, Sx,t),
F(By,Ty,t), F(Sx, By,t), F(Ty, Az,t)} (3.1)
L(Ax, By, kt) < max{L(Sz,Ty,t),L(Azx, Sz,t),

L(By,Ty,t), L(Sx, By,t), L(Ty, Az,t)} (3.2)

If the pairs {A, S} and {B,T} are weakly subsequential continuous and compatible
of type (E), then A, B, S and T have a unique common fized point in X.

Proof. Since the pair {A, S} is weakly subsequential continuous, we can assume that
it is A-subsequentially continuous and compatible of type (E). There exists a se-
quence {x,} in X such that lim, . Az, = lim, .Sz, = z, for some z € X and
limp 0oASw, = Az. The compatibility of type (E) implies that lim, .., A%z, =
limy oo ASz, = Sz and lim,_.ooS%T, = limy_.ooSAx, = Az. Therefore Az = Sz,
whereas in respect of the pair { B, T}, suppose that it is B-subsequentially continu-
ous. Then, there exists a sequence {y,} in X such that lim, .. By,= lim, oo Ty, =
w, for some w € X and lim,,_... BTy, = Bw. The pair {B, T} is compatible of type
(E), 80 limy, ooB*yn = lim, .o BTy, = Tw and lim, ...T?y, = lim, ..., T By, =
Bw, for some w € X. This gives Bw = Tw. Hence z is a coincidence point of the pair
{A, S} whereas w is a coincidence point of the pair { B, T'}. Now we prove that z = w.
Choose a t > 0 satisfying (3.1) and (3.2). Without loss of generality, we can assume
that ¢t and kt are points of continuity of F(z,w,.), F(z,z,.), F(w,w,.), L(z,w,.),
L(z,z,.) , Llw,w,.), F(Az,w,.), F(Sz,w,.), F(z, Bz,.), F(2,Tz,.), L(Az,w,.),
L(Sz,w,.), L(z,Bz,.) and L(z,Tz,.) . This is so because these functions are mono-
tonic on R and hence have at most countable number of discontinuities in (0, b) for

any b > 0. So we may choose t sufficiently small that 0 < kt < ¢t < b and both kt and
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t are points of continuity of all the functions mentioned above. By putting x = z,,

and y = y, in inequality (3.1), we have

F(Ax,, By, kt) = min{ F (Sz,, Ty,, 1)), F(Az,, Sxp, 1)), F(Byn, TYn, t),

F(Szy,, Byn,t), F(Ty,, Az, t)}.
Taking the limit as n — oo and using Lemma 2.2, we get
F(z,w,kt) > min{F(z,w,t), F(z, z,t), F(w,w,t), F(z,w,t), F(w, z,t)}.

So, F(z,w, kt) = min{F(z,w,t)),1,1, F(z,w,t), F(w,z,t)}. This gives, for all
t >0,

F(z,w,kt)) > F(z,w,t). (3.3)
Again, by putting z = x,, and y = y,, in inequality (3.2), we have

L(Azx,, Byp, kt) < max{L(Sx,, Ty, t),L(Azx,, Stp,t), L(BYn, Tyn, t),

L(Szy,, Byn,t), L(Ty,, Ax,, t)}
Taking the limit as n — oo, and using Lemma 2.2 we get
L(z,w, kt) < max{L(z,w,t), L(z, z,t), L(w,w,t), L(z,w,t), L(w, z,t)}.
So, we have for all ¢ > 0,

L(z,w, kt) < max{L(z,w,t),0,0, L(z,w,t), L(w, z,t)}.

L(z,w, kt) < L(z,w,t), (3.4)

for all t > 0.
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By Lemma 2.1, (3.3) and (3.4), we have z = w. Now we prove that Az = z. By
putting = z and y = y, in the inequality (3.1), we get

F(Az, By,, kt) > min{F(Sz, Ty, t), F(Az, Sz,t), F(BYn, Tyn, t),

F(Sz, Byn,t), F(Ty,, Az,t)}.
Letting n — oo and using Lemma 2.2, we obtain
F(Az,w, kt) = min{F(Sz,w,t), F(Az, Sz,t), F(w,w,t), F(Sz,w,t), F(w, Az, t)}.

This gives F(Az, w, kt) > min{F(Sz,w,t),1,1, F(Sz,w,t), F(w, Az,t)}.
But Az = Sz.Thus, for all ¢t > 0,

F(Az,w,kt) > F(Az, w,1). (3.5)
Again, by putting x = z and y = y,, in the inequality (3.2), we get

L(Az, By,, kt) < max{L(Sz,Tyn,t), L(Az, Sz,t), L(Byn, Tyn, t),

L(Sz, By, t), L(Ty,, Az, t)}.
Taking the limit as n — oo and using Lemma 2.2, we obtain
L(Az,w, kt) < maz{L(Sz,w,t), L(Az, Sz,t), L(w,w,t), L(Sz,w,t), L(w, Az,t)}.

This gives L(Az,w, kt) < max{L(Sz,w,t),0,0, L(Sz, w,t),l(w, Az,t)} and so for all
t >0,

L(Az,w, kt) < L(Az,w,t) (3.6)

By Lemma 2.1, (3.5) and (3.6) we get, Az = w. Since Az = Sz, we have Az = Sz =

w = z. Now we prove that Bz = z.
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By putting z = z,, and y = z in the inequality (3.1), we get

F(Ax,, Bz, kt) > min{F(Sz,,Tz,t), F(Az,, St,,t), F(Bz,Tz1),

F(Sz,, Bz,t), F(Tz, Ax,,t)}.
Taking the limit as n — oo and using Lemma 2.2, we obtain
F(z,Bz,kt) = min{F(z,Tzt),F(z,2,t), F(Bz,Tzt),F(z,Bz,t), F(Tz,z,t)}, or
F(z,Bz,kt)) = min{F(z,Tzt),1,1, F(z, Bz,t), F(Tz, z,t)}.
Since z = w and Bw = T'w, then Bz = Tz. Thus, for all t > 0,
F(z,Bz,kt) > F(z, Bz,t) (3.7)
Again, by putting x = x,, and y = z in the inequality (3.2), we get

L(Ax,, Bz, kt) < max{L(Sz,,Tz,t), L(Ax,, Sx,,t), L(Bz,Tz,t),

L(Sx,, Bz,t), L(Tz, Az,,t)}.
Taking the limit as n — oo and using Lemma 2.2, we get
L(z, Bz, kt) < max{L(z,Tz,t), L(z, 2,t), L(Bz,Tzt), L(z, Bz,t), L(Tz, z,t)},

which gives

L(z, Bz, kt) < max{L(z,Tz,1),0,0, L(z, Bz,t), L(Tz,z,t)} and so for all t > 0,
L(z, Bz, kt) < L(z, Bz, 1) (3.8)

By Lemma 2.1, (3.7) and (3.8), we obtain, Bz = z. Since Bz = T'z, we have
Bz =Tz= 12z So,inall z= Az = Bz = Sz = Tz, that is, z is a common fixed

point of A, B, S and T.
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To prove uniqueness, let z* € X be such that z* = Az* = Bz* = Sz* = Tz*. By

putting = z and y = z* in the inequality (3.1), we get

F(Az, Bz* kt) > min{F(Sz,Tz"t), F(Az, Sz, t), F(Bz*,Tz", 1),

F(Sz,Bz"t),F(Tz", Az, t)}.

That is, F(z,2* kt) > min{F(z,z*,t), F (2, z,t), F(z*, 2%, t), F(z, 2", 1), F(z*, z,1) }.
So
F(z, 2% kt) > min{F(z, z*,t),1,1, F(z, 2*,t), F(2*, z,t)}. Thus for all ¢t > 0,

F(z, 2" kt) > F(z, 2%, t). (3.9)
By putting z = z and y = 2z* in the inequality (3.2), we get

L(Az, Bz*, kt) < max{L(Sz,Tz",t), L(Az, Sz,t), L(Bz",Tz" ),

L(Sz,Bz",t), L(Tz", Az,1)}.

That is, L(z,z* kt) < max{L(z,z* 1), L(z,z,t), L(z*, 2" t), L(z, z*, 1), L(z*, 2, 1) }.
So
L(z,z*, kt) < max{L(z, 2*,1),0,0, L(z, 2*,t), L(z*, z,t)}. Thus for all £ > 0,

L(z, 2" kt) < L(z, 2", ). (3.10)
By Lemma 2.1, (3.9) and (3.10) we get, z = z*. O
If we put A = B in Theorem 3.1 we have the following corollary for three mappings:

Corollary 3.1. Let A, S and T be three self mappings of an intuitionistic Menger
space (X, F, L,*,Q) with continuous t-norm x and continuous t-conorm { satisfying

txt>tand (1 —t)0(1 —1t) < (1 —1t) for all0 <t < 1. Suppose there exists a
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constant k € (0,1) such that for all z,y € X and t > 0 the following conditions are

satisfied:

F(Ax, Ay, kt) > min{ F(Sz, Ty, t),F(Az, Sz, 1),
F(Ay, Ty, t), F(Sz, Ay, t), F(Ty, Az, t)}
L(Ax, Ay, kt) < max{L(Sx,Ty,t),L(Ax, Sz, t),

L(Ay,Ty,t), L(Sz, Ay, t), L(Ty, Az, t)}

If the pairs {A, S} and {A, T} are weakly subsequential continuous and compatible
of type (E), then A, S and T have a unique common fized point in X .

Alternatively, if we set S = T" in Theorem 3.1, we’ll have the following corollary

for three self mappings:

Corollary 3.2. Let A, B and S be four self mappings of an intuitionistic Menger
space (X, F, L,*, ) with continuous t-norm * and continuous t-conorm { satisfying
txt>tand (1 —t)0(1 —1t) < (1 —1t) for all0 <t < 1. Suppose there exists a
constant k € (0,1) such that for all z,y € X and t > 0 the following conditions are
satisfied:

F(Ax, By, kt) > min{F(Sz, Sy, t),F(Az, Sz, 1),

F(By, Sy,t), F(Sx, By,t), F(Sy, Az, t)}
L(Ax, By, kt) < max{L(Sz, Sy, t),L(Ax, Sz, t),

L(By, Sy,t), L(Sx, By,t), L(Sy, Az, t)}

If the pairs {A, S} and {B,S} are weakly subsequential continuous and compatible
of type (E), then A, B and S have a unique common fized point in X.
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If we put S = T in Corollary 3.1 , we have the following result for two self

mappings:

Corollary 3.3. Let A, S be two self mappings of an intuitionistic Menger space
(X, F, L, %, Q) with continuous t-norm x and continuous t-conorm ) satisfying txt >t
and (1-t)0(1—t) < (1—t) forall0 < t < 1. Suppose there exists a constant k € (0,1)

such that for all x,y € X andt > 0 the following conditions are satisfied:

F(Ax, Ay, kt) > min{ F(Sz, Sy, t),F(Ax, Sx,t),
F(Ay, Sy,t), F(Sz, Ay,t), F(Sy, Az, t)}
L(Ax, Ay, kt) < max{L(Sx, Sy,t),L(Azx, Sz,t),

L(Ay, Sy,t), L(Sz, Ay, t), L(Sy, Az, t)}

If the pair { A, S} is weakly subsequential continuous and compatible of type (E), then

A and S have a unique common fized point in X .

Example 3.1. Let X = [0, 2] with metric d(z,y) = |z —y | and for each ¢ € (0, 1),

define
— Lt ift>0;
F(.T,',y,t) — t+ ‘xfy |
0, ift =0,
2=y [ i ¢ 0;
L(.T,y,t) — t+ ‘xfy |
1, ift =0,

for all z,y € X. Clearly (X, F, L,*,{) is an intuitionistic Menger space where x is
defined by txt >t and ¢ defined by (1—%)0(1—t) < (1—1t). Let us define mappings
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A, B,S and T as follows:

1, 0<xe <1
A(x) = B(z) =

3 1<z<2,

Ho0<e <
S(z)=T(x) =

2, 1<x <2,
Let us consider a sequence {x,} in X defined by z, =1 — % for n € N such that
limy oA, = 1 = lim, 0o S®, and lim, o ASz, =1 = A(1) ; lim, o A%1, =1 =
S(1), limy, 0SSz, =1 = A(1). Hence {A, S} is weakly subsequentially continuous
and compatible of type (E). Proceeding in the same way, we can easily show that
{B, T} is weakly subsequentially continuous and compatible of type (E). Next, for

k= %, we’ll consider the different cases for which the following inequalities holds:
F(Ax, By, kt) > min{F(Sx, Ty, t), F(Ax, Sx,t), F(By, Ty, 1),
F(Sz, By,t), F(Ty, Az,t)}
and
L(Ax, By, kt) < max{L(Sz,Ty,t), L(Az, Sz,t), L(By, Ty,1),
L(Sxz, By,t), L(Ty, Az,t)}.

1. If z,y € [0, 1], we have

F(Ax, By, kt) =1 > @ = F(Sz,Ty,t)

and

L(Ax, By, kt) =0 < % = F(Sx,Ty,t).

2. If z €0,1] and y € (1, 2] we have
) =

F(Ax, By, kt = F(By,Ty,t)

k;t—l—O 25 / t+1.25

and



FIXED POINTS IN INTUITIONISTIC MENGER SPACES 139

L(Az, By, kt) = 752= < 252 = F(By, Ty, 1).

3. If z € (1,2] and y € [0, 1] we have

F(Az, By, kt) = 75 > 5 = F(Az, Sx,t)

and

L(Az, By, kt) = 228 < L5 _ P(Ay, Sa. 1),

4. If z,y € (1, 2], we have
F(Az, By, kt) =1 > — = F(Sz, By, t)

41.25
and
L(Ax, By, kt) =0 < tiiz.;’) = F(Sx, By,t).

Thus, all the conditions of Theorem (3.1) are satisfied and A,B,S,T have a unique

common fixed point x = 1.

Theorem 3.2. Let A, B, S and T be four self mappings of an intuitionistic Menger
space (X, F, L,*,Q) with continuous t-norm x and continuous t-conorm { satisfying
txt>tand (1 —t)0(1 —1t) < (1 —1t) for all0 <t < 1. Suppose there exists a
constant k € (0,1) such that for all z,y € X and t > 0 satisfying (3.1) and (3.2).
Assume that
(i) the pair {A, S} is A-compatible of type (E) and A-subsequentially continuous.
(i1) the pair {B,T} is B-compatible of type (E) and B-subsequentially continuous.

Then A, B, S and T have a unique common fixed point in X.

Proof. The proof is obvious as on the lines of Theorem 3.1. O
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