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3-DIFFERENCE CORDIALITY OF SOME SPECIAL GRAPHS
R.PONRAJ ), M.MARIA ADAICKALAM (? AND R.KALA

ABSTRACT. Let G be a (p, q) graph. Let f: V(G) — {1,2,...,k} be a map where k
is an integer 2 < k < p. For each edge uv, assign the label |f(u) — f(v)|. f is called
k-difference cordial labeling of G if |vs (i) — vy (j)] < 1 and |ef(0) — ef(1)| < 1 where
vf(z) denotes the number of vertices labelled with x, ef(1) and ef(0) respectively
denote the number of edges labelled with 1 and not labelled with 1. A graph with a
k-difference cordial labeling is called a k-difference cordial graph. In this paper we
investigate 3-difference cordial labeling behavior of ladder, book, dumbbell graph,

and umbrella graph.

1. INTRODUCTION

All graphs in this paper are finite, simple and undirected. Let G' be a (p,q) graph
where p refers the number of vertices of G and ¢ refers the number of edge of G.
The number of vertices of a graph G is called order of GG, and the number of edges is
called size of G. Let GGy and G5 be two graphs with vertex sets V; and V5 and edge
sets By and FEs, respectively. Then their join G; + G5 is the graph whose vertex set
is V1 UV, and edge set is By U Ey U{uv : u € V; and v € V4}. The cartesian product
of two graphs G and G is the graph G; x G with the vertex set V; x V5 and two
vertices u = (uy,us) and v = (vq,vy) are adjacent whenever [u; = v; and ug adj vs]

or [ug = vy and wy adj v1]. The graph K, is called the star.The notion of difference
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cordial labeling was introduced by R. Ponraj, S. Sathish Narayanan and R. Kala in
[3]. Seoud and Salman [12], studied the difference cordial labeling behavior of some
families of graphs and they are ladder, triangular ladder, grid, step ladder and two
sided step ladder graphs etc. Recently Ponraj et al. [4], introduced the concept of
k-difference cordial labeling of graphs and studied the 3-difference cordial labeling
behavior of of star, m copies of star etc. In [5, 6, 7, 8, 9, 10, 11] they discussed
the 3-difference cordial labeling behavior of path, cycle, complete graph, complete
bipartite graph, star, bistar, comb, double comb, quadrilateral snake, wheel, helms,
flower graph, sunflower graph, lotus inside a circle, closed helm, double wheel, union of
graphs with the star, union of graphs with splitting graph of star, union of graphs with
subdivided star, union of graphs with bistar, P,UP,, (C, ® K;)U(C,® K;), F, UF,,
K1, ® Ky, P, ® 3Ky, mCy, spl(Ky,), DS(Bny), Co ® Ky, C, S(Ky,), S(Bun),
DA(T,)® Ky, DA(T,)®2K,, DA(T,) ® K3, DA(Q,) ® K1, DA(Q,) ®2K;, triangular
snake, alternate triangular snake, alternate quadrilateral snake, irregular triangular
snake, irregular quadrilateral snake, double triangular snake, double quadrilaterla
snake, double alternate triangular snake, and double alternate quadrilateral snake,
T.0K, T,02K,, T,0 Ky, A(T,) 0Ky, A(T,) ©2K, A(T,)®K,, slanting ladder, book
with triangular pages, middle graph of a path, shadow graph of a path, triangular
ladder, the armed crown, and some more graphs. In this paper we investigate 3-
difference cordial labeling behavior of ladder, book, dumbbell graph, and umbrella
graph. Terms not defined here follow from Harary [2] and Gallian [1].

2. k-DIFFERENCE CORDIAL LABELING

Definition 2.1. Let G be a (p,q) graph. Let f : V(G) — {1,2,...,k} be a map.
For each edge uwv, assign the label |f(u) — f(v)|. f is called a k-difference cordial
labeling of G if |vs(i) —v(5)] < 1 and |ef(0) —ef(1)| < 1 where vy(z) denotes the

number of vertices labelled with z, e;(1) and e(0) respectively denote the number
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of edges labelled with 1 and not labelled with 1. A graph with a k-difference cordial

labeling is called a k-difference cordial graph.
The graph L, = P, x P is called a ladder.
Theorem 2.1. The ladder L, is 3-difference cordial for all n.

Proof. Let V(L) = {u;,v; : 1 < i < n} and E(L,) = {ujui1,v00;01 : 1 < i <
n— 1} U{uv; : 1 <i <n}. Clearly, the order and size of L, is 2n and 3n-2.

Case 1. n =0 (mod 4).

Assign the label 1 to the vertices wq9;11, #12;13 and wuy9; 15 for all the values of i=0,1,2,....,

(%W — 1. For all the values of i=0,1,2,...., (%W — 1 assign the label 3 to the vertices

U12i+2, U12i+4, U12i+6, U12i+9, U12i+10 and U12i+11- Then assign the label 1 to the ver-

tices uqq; for i=1,2,..... ,(%W — 1. Now we assign the label 2 to the vertices wyg; 7

and w948 for all the values of i=0,1,2,..... (%W — 1.Now we move to the vertices v;.

Assign the label 2 to the vertices V12i+1, V12i+35 V12i+55 V12i+9, V12i+10 and V12i+11 for all
the values of i=0, 1, 2,.....x and assign the label 3 to the vertices vig;14 and vi9;¢
for i=0,1,2,3,..., (%W — 1. For all the values of i=0,1,2,...., (%W — 1, assign the label 1

to the vertices vyg;19, V19,17 and vi9;15. Then assign the label 1 to the vertices vyy;

for i=1,2,3,...., (%W — 1. Clearly the vertex condition is given in table 1 and the edge
3n—2

condition is ef(0) = ef(1) = >

TABLE 1

Nature of n | vs(1) | v4(2) | v4(3)

n=0 (mod 12) | 2 Zn Zn

3 3 3
n=4 (mod 12) 2n3+1 2n;2 2n3+1

n==S8 (mod 12) 2n3+2 2n:;1 2n§1
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Case 2. n=1 (mod 4).
Assign the label 2 to the vertex u;. Then assign the label 3 to the vertices w199,
U1244+-3, U12i4-4, U247, U12i49 and U12i+11 for all the values of iIO,l,Q,...., ’7%—‘ — 1 and

we assign the label 2 to the vertices uqo; and 9,41 for i=1,2,...., (1—"2} — 1. For all the

n

values of i:0,1,2,...,(ﬁw — 1, assign the label 1 to the vertices wyg;15, U12i16, U12i18

and u19;110. Next we move to the vertices v;. Assign the label 1 to the vertex v;.
Then assign the label 2 to the vertices vi9;19, V1213, V12i14, V12i 16, V12i+8 and V19,110

for all the values of i=0,1,2,.....x and we assign the label 3 to the vertices v19;,9 and

n

V125411 for i=0,1,2,.... (EW — 1. Now we assign the label 1 to the vertices vi9;15 and

V12547 for i=0,1,2,....., (%W — 1.For all the values of i=1,2,...., (%W — 1, assign the label

1 to the vertices v19; and v19;41. Note that in this case e;(0) = % and ef(1) = 3”2’1

and the vertex condition is given in table 2.

TABLE 2

Values of n | vp(1) | vf(2) | vr(3)

n=9 (mod 12) | 2 Zn n

3 3 3
n=1 (mod 12) 2n;—1 2n;—1 2n;—1
n=5 (mod 12) 2n;1 2n3+2 2n:;1

Case 3. n =2 (mod 4).

First we consider the vertices u;. Fix the labels 1,3 to the vertices uy, us respectively.
Then we assign the label 1 to the vertices w1943, u12;+10 and uq9;411 for all the values
of i=0,1,2,.....x and assign the label 1 to the vertices ui9;,1 for i:1,2,....,h—’ﬂ — 1.
For all the values of i=1,2,...., h—’ﬂ — 1, assign the label 2 to the vertices u19;,5 and
U12;16- Now we assign the label 3 to the vertices wyo; 4, U12;17, U12;18 and uqg; 49 for
all the values of i:O,1,2,....,(1—"2w — 1 and we assign the label 1 to the vertices w9,

and uqg;19 for i=1,2,..., (1—"2} — 1. Next we move to the vertices v;. Assign the labels
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2,3 to the vertices vy, vy respectively. Then we assign the label 2 to the vertices
V12i+3, V12i+7, V12i+8, V12i+9 and V12i+11 for i:(],1,2,....7 ’7%—‘ — 1 and we assign the label

2 to the vertices vy9;41 fori=1,2,...., (1—"2} — 1. For all the values of i=0,1,2,...., (ﬂw -1

12 )

assign the label 3 to the vertices vi9;14. Now we assign the label 3 to the vertices
V12549 for i=1,2,...., (1—"2} — 1. Then we assign the label 1 to the vertices vis;15, V12;16
and vy9;419 for all the values of i=0,1,2,....., {%W — 1 and we assign the label 1 to the
vertices vig; for i=1,2,.....,[ ] — 1. Clearly ef(0) = ep(1) = #=2 and the vertex

condition is given in table 3.

TABLE 3

Nature of n vr(1) | vp(2) [ vg(3)

n=6 (mod 12) | 2 2n 2n

n= 2 (mod 12) 2n—1 2n—1 2n+2

n= 10 (mOd 12) 2n—2 2n+1 2n+1

Case 4. n =3 (mod 4).

Consider the vertices wu;. Assign the label 2 to the vertices u; and wus and we
assign the label 3 to the vertex us. Then we assign the label 3 to the vertices
U12i44, U12545, U12i46, U12;19 and uqg;11 for all the values of i:O,l,Z,....,h—’ﬂ —1 and
we assign the label 3 to the vertices wyg;11 for all the values of i:1,2,....,(%w —1
For all the values of i=1,2,...., h—"ﬁ — 1, assign the label 2 to the vertices u19;12 and
U12;+3. Now we assign the label 1 to the vertices w917, u12;18 and wui9;419 for all
the values of i=0,1,2,...., {%w — 1 and we assign the label 1 to the vertices wu9; for
i=1,2,....., (%W — 1. Next we move to the vertices v;. Assign the label 1 to the vertices
v; and v3 and we assign the label 3 to the vertex vo. Then we assign the label 2 to the
vertices V1914, U12i15, U12i16, V12i+s and vyg;419 for all the values of i=0,1,2,...., (%W —1

and we assign the label 2 to the vertices vyy; for i=1,2,3,....., (%W — 1. Now we assign

the label 3 to the vertices vy9;411 for i:O,1,27....,[1—"2w — 1 and we assign the label 3



148 R.PONRAJ , M.MARIA ADAICKALAM AND R.KALA

to the vertices vyg;41 for all the values of i=1.2,....., (%W — 1. For all the values of

i=0,1,2,...., (1—"2} — 1,assign the label 1 to the vertices vi9;17 and v19;19. Finally assign

the label 1 to the vertices vi9;19 and wvyg; 3 for all the values of i:1,2,....,(%w —1.

Clearly e;(0) = 2222 and e;(1) = 22 and the vertex condition is given in table 4.

TABLE 4

Values of n vr(1) [vp(2) | vp(3)

n=3 (mod12) | % 2 2

n= 7 (mod 12) 2n3—2 2n3+1 2n3+1

n=11 (mod 12) | 221 | 2l | 2ni2

Example 2.1. A 3-difference cordial labeling of L7 is given in figure 1.

1 2 2 2 1
2 3 2 3 3 3 1
FIGURE 1

The book B,, is the graph S,, x P, where .S,, is the star with m + 1 vertices.
Theorem 2.2. Ifn=0,1,2 (mod 4), the book graph is 3-difference cordial.

Proof. Let G be a book with n pages. Let V(G) = {u,v} U {u;,v; : 1 <i <n} and
E(G) = {uv} U {uu;, vu;, uv; - 1 < i < n}. Clearly, the order and size of the book
B, is 2n+2 and 3n+1. Assign the labels 1,2 to the vertices u, v respectively.

Case 1. n =0 (mod 4).

First we consider the vertices u;. Assign the label 1 to the vertices uy, us and u; and

we assign the label 3 to the vertices us, us and ug. Then assign the label 2 to the
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vertices uy and ug. For all the values of i=1,2,....., h—’ﬂ — 1, assign the label 1 to the
vertices u19i11, U12i+3, U12i+5 and ui9;4¢. Assign the label 1 to the vertices w949 for all

the values of i=0,1,2,...., {%W — 1. Then assign the label 3 to the vertices u9;1¢ for all

1
the value of i=0,1,2,3,..., {%W — 1 and we assign the label 3 to the vertices 19,49 for
all the values of i=0,1,2,...., [%W — 1. For all the values of i=1,2,....., (%W — 1, assign
the label 2 to the vertices wyo;, U124, U12i+7 and u19;,15. Now we assign the label 2 to
the vertices uq9;,11 for i=0,1,2,...., {%W — 1 .Next we move to the vertices v;. Assign
the label 3 to the vertex vy, vy, v5 and vg and we assign the label 2 to the vertices
vy and v;. Then assign the label 1 to the vertices v4 and vg. For all the values of
i=0,1,2,...., (%W — 1, assign the label 3 to the vertices v19;11, V12i12, V1245 and vig;1g.

n

Assign the label 3 to the vertices v19;19 and vyg;419 for i=0,1,2,....., (—W — 1.Now we

assign the label 2 to the vertices vy9;111 for all the values of i=0,1,2,...., [%W — 1 and

we assign the label 2 to the vertices vi9;13 and vy9;47 for i=1,2,....., (%W — 1. For all
the values of i=1,2,.... ,[%W — 1 assign the label 1 to the vertices v19;, V19,44 and
V12i4-6-

Case 2. n=1 (mod 4).

Assign the label 1 to the vertex us and we assign the label 3 to the vertices us and
u1. Then we assign the label 2 to the vertices uy and us. Now we assign the label
1 to the vertices w916 and wujo;119 for all the values izO,l,Q,S,....,{%W — 1 and we
assign the label 1 to the vertices wqg;, u19;12 and uyg; 43 for i=1,2,.... (%W — 1. For all
the values of i=0,1,2,...., [%W — 1 assign the label 3 to the vertices uy9;17 and u19;411-
Then we assign the label 2 to the vertices uy9;15 and uy9;19 for izO,l,Q,....,[%w —1
and we assign the label 2 to the vertices w911, U12;+4 and wujg;y5 for all the values
i=1,2.3,...., (%W — 1. Next we move to the vertices v;. Assign the label 3 to the vertex
v1, vy and v3. Then we assign the label 2 to the vertex v4 and assign the label 1 to

the vertex vs. Assign the label 3 to the vertices vi9;16, V12i 17, V12i110 and vi9;411 for

all the values of i=0,1,2,....., (%W — 1 and we assign the label 3 to the vertices vyg;12
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and vy9;45 for i=1,2,....., [%W — 1 .For all the values of i=0,1,2,...., [%W — 1, assign the
label 2 to the vertices vy9;18. Then we assign the label 2 to the vertices vi9; and
V1244 for i=1,2,.....x. Now we assign the label 1 to the vertices vi9;.9 for all the
values of i=0,1,2,....., {%W — 1 and assign the label 1 to the vertices vy9;11 and vyg;13
for i=1,2,.....,[ %] — 1.

Case 3. n =2 (mod 4).

Assign the label 1 to the vertex u; and assign the label 3 to the vertex us. For all the

values of i:0,1,2,...., {{Z—Q—‘ — 1, assign the label 1 to the U1244+3, U12i+7, U12i+9 and U1244+-11-
Then we assign the label 1 to the vertices uis; for i:1,2,....,[%w — 1 and we assign

the label 3 to the vertices u19;14 and wuj9;1¢ for i:0,1,2,...,{ W — 1. Now we assign the

1
label 2 to the vertices w1915, U121 and w9110 for i=0,1,2,...., (%W — 1 and we assign
the label 2 to the vertices u19;11 and w1949 for all the values i=1,2,3,...., (%W — 1. Next
we move to the vertices v;. Assign the labels 3,2 to the vertex vy, v9 respectively. Then
we assign the label 3 to the vertex vig;13, V19i14, V12i47, V12i+s and vi9;411 for all the
values of i=0,1,2,...., (%W — 1 and assign the label 3 to the vertex vyo; 1o for all the
values i=1,2,3,....., (%W — 1 . Assign the label 3 to the vertices v19;16, V12i47, V12i110
and vy9;411 for all the values of i=0,1,2,....., [%W — 1 and we assign the label 3 to the
vertices vyg;49 for i=1,2,......x. For all the values of i:O,1,2,....,[%W — 1, assign the
label 2 to the vertices vy9;15. Then we assign the label 2 to the vertices v19; and v19;14
fori=1,2,....., (%W — 1, assign the label 2 to the vertices v19;15 and v19;19. Assign the
label 2 to the vertices vy9;11 for i=1,2,....., [%W — 1. Now we assign the label 1 to the
vertices vy9;16 and v19;41¢ for all the values of i=0,1,2,....., [%W — 1 and we assign the
label 1 to the vertices vq9; for all the values of i=1,2,....., (%W —1.

The vertex and edge conditions of all the above three cases are given in table 5

and table 6, respectively.
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TABLE 5

Nature of n vp(1) | vp(2) [ vg(3)

n=0,6,9 (mod 12) 2?" 2n_3+3 2n_3+3

n=1,4,10 (mod 12) 2”;1 2”;1 2”;“4

n=258 (mod 12) | 22 | 2022 | 2042

TABLE 6

Values of n | ef(0) | ef(1)

n=0 (mod4)| 3 |32

n=1 (mod 4) sntl —3”;1

2

n =2 (mod 4) % 37”

Example 2.2. A 3-difference cordial labeling of the book By is given in figure 2.

FIGURE 2

The graph obtained by joining two disjoint cycles wqus . .. u,uy and vivy . .. v,v7 of

same length with an edge u v, is called dumbbell graph Db,,.
Theorem 2.3. The dumbbell graph Db, is 3-difference cordial.

Proof. 1t is clear that |V (Db,)| = 2n and |E(Db,)| = 2n + 1.
Case 1. n =0 (mod 3).

Assign the label 1 to the vertices ugq for i=0,1,2,...., %W — 1 and we assign the

label 1 to the vertices ug; for all the values of i=1,2,...., {%W — 1 .For all the values of
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i=0,1,2,...., (%W — 1, assign the label 3 to the vertices ug; 12 and ug; 5. Now we assign
the label 2 to the vertices ug; 13 and ug;;4 for all the values of i=0,1,2,...., (%W — 1.Next
we move to the vertices v;. Assign the label 3 to the vertices vg;y 1 and wg; 5 for
i=0,1,2,...., (%W — 1 and we assign the label 2 to the vertices vg; 1o for all the values of
i=0,1,2,...., {%W — 1 . Then we assign the label 2 to the vertices vg; for i=1,2,...., {%W — 1.

For all the values of i=0,1,2,....., {%W — 1, assign the label 1 to the vertices vg; 13 and

V6i+4-
Case 2. n=1 (mod 3).

Assign the label 1 to the vertex u;. Then we assign the label 1 to the vertices ug; 12 and

n

6} — 1 and we assign the label 1 to the vertices

ug;+5 for all the values of i=0,1,2,..... ,{

n

6} — 1. Now we assign the label 3 to the vertices

ug; for all the values of i:1,2,....,[
ugi+3 for i=0,1,2,.... and assign the label 3 to the vertices ug;;1 for all the values of
i=1,2,...., {%W — 1. Then assign the label 2 to the vertices ug;14 for i=1,2,....., {ﬂw —1.
Next we move to the vertices v;. Assign the label 2 to the vertex v;. Then assign
the label 1 to the vertices vg; 12 for i=0,1,2,...., {%W — 1 and assign the label 3 to the

vertices vg;+3 and vg; 15 for all the values of i=0,1,2,...., {%W — 1. Now we assign the

label 2 to the vertices vg; 14 for all the values of izO,l,Z,....,(%w — 1 . For all the

n

6} — 1, assign the label 2 to the vertices vg; and vg;1 1.

values of izl,?,....,[
Case 3. n =2 (mod 3).

First we consider the vertices u;. Assign the label 1 to the vertices u; and us. Then
assign the label 3 to the vertices uz and ug and we assign the label 2 to the vertices uy
and u7. Now we assign the label 1 to the vertices us and ug. Assign the label 3 to the
vertices ug;15 for all the values of i=1,2,.... [%W — 1 and we assign the label 1 to the
vertices ug;+3 and ug; 4 for i=1,2,3....., {%W — 1. For all the values of i=2,3,...., {%W -1,
assign the label 1 to the vertices ug; and ug; 1. Then assign the label 2 to the vertices

Ugito for i=2.3....., H — 1. Next we move to the vertices v;. Assign the label 2 to the

vertices vy, v5 and vg and we assign the label 3 to the vertices vs, v4 and v;. Then we
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assign the label 1 to the vertices vz and vg. For all the values of i=1,2,...., (ﬂ —1

6 Y

assign the label 2 to the vertices vg; 13 and vg; 4. Assign the label 2 to the vertices vg;

for all the values of i=2.3,...., {%W — 1 and we assign the label 3 to the vertices vg; 5

for i=1,2,3......x. Now we assign the label 3 to the vertices vg; ;1 and vg; o for all the

values of i=2,3,4,....., (%W — 1. Clearly the vertex and edge conditions are given in

table 7 and table 8.

TABLE 7

Values of n | vy(1) | vf(2) | vf(3)

n =0 (mod 3) 2?” 2?” %”
n = 1 (mod 3) Qn?jrl Qn?jrl 2n:;2

n=2 (mod 3) 2n;—2 2n3—1 2n3—1

TABLE 8

Nature of n er(0) | ef(1)

n=0,1,5 (mod 6) |n+1| n

n=234(mod4)| n |n+1

g

Example 2.3. A 3-difference cordial labeling of the dumbbell Dbjs is given in figure
3.

FIGURE 3
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The graph F,, = P, + K; is called a fan where P, : wjus...u, be a path and
V(K1) = {u}. The Umbrella U, ,,, m > 1 is obtained from a fan F), by pasting the

end vertex of the path P, : v1vy...v,, to the vertex of K7 of the fan Fj,.
Theorem 2.4. The umbrella U, ,,, m > 1 is 3-difference cordial.

Proof. 1t is clear that U, ,, has n4+m vertices and 2n+m-2 edges.

Case 1. n =0 (mod 6) and m =0 (mod 3).

First we consider the vertices u;. Assign the labels 1,3,2,3,2,1 to the first six vertices
Uy, Ug, Uz, Uy, Us, Ug Of the path P,. Then assign the labels 1,3,2,3,2,1 to the next
six vertices wur, ug, Ug, U9, U11, U2 respectively. Proceeding like this assign the label
to the next six vertices and so on. Note that the vertex w,, received the label 1.
Now our attention turn to the vertices v;. Assign the label 1,3,2,2,3,1 to the first
six vertices vy, Vg, U3, Vg, U5, Vg Tespectively. Then we assign the labels 1,3,2,2,3,1 to
the next six vertices vy, vg, vg, V19, V11, V12 respectively. Continuing like this until we
reach the vertex v,. It is easy to verify that the last vertex v, received the label 2

or 1 according as n = 3 (mod 6) or n = 0 (mod 6). Clearly the vertex condition is

vp(1) = vp(2) = vy(3) = 2E™ and the edge condition is given in table 9.
TABLE 9
Nature of n er(0) | er(1)
n=0 (mod 6) & m =0 (mod 3) & n = 2m | 2tr=3 | 2ntm-l
n=0 (mod 6) & m =0 (mod 3) & n # 2m | 22p=l | 204m=3

Case 2. n =0 (mod 6) and m =1 (mod 3).

As in case 1, assign the label to the vertices u; (1 < i < n). Now we move to the ver-
tices v;. Fix the labels 1,3,1 to the first three vertices vy, v, v3 respectively. Assign the
labels 2 to the vertices 1914 and ui9;,7 for all the values of i=0,1,2,...... ,x and assign

the label 2 to the vertices vyo; and v19;, 3 for all the values of i=1,2,...... , (1—"2} — 1. For
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all the values of i=0,1,2,...... , h—’ﬂ — 1, assign the label 3 to the vertices vi9;15, V12i18
and v19;,11. Now we assign the label 1 to the vertices vis;14,V12i19 and wvyg; 119 for
i=0,1,2,...... ,(ﬂw — 1 and assign the label 1 to the vertices wvyo;11 for all the val-
ues of i=1,2,...... ,H‘—J — 1. For all the values of i=1,2,...... ,(%W — 1, assign the la-

THTmH and

bel 3 to the vertices vy9;42. Therefore the vertex condition is vy(1) =
vp(2) = vy(3) = 22=1 and the edge condition is given in table 10.

TABLE 10

Nature of n er(0) | ep(1)

n =12t + 6, m = 6ty + 4 | 22Hp=2 | 2ndm=2

n=12t;, m =6ty +1 | 2Hn=s | 2ntmel

Case 3. n =0 (mod 6) and m =2 (mod 3).

Label to the vertices u; (1 < i < n) as in case 1. Now we consider to the vertices
v;.  Assign the label 1 to the vertices vy, vs,v6 and we assign the label 3 to the
vertices vy, v3 and v7;. Then we assign the label 2 to the vertices v4 and vg. Assign
the label 1 to the vertices wvy9; 19 for all the values of i=0,1,2,....... ,(%W — 1 and we
assign the label 1 to the vertices v19;12, V19;15 and vyg; g for i=1,2,...... Next we assign

the label 3 to the vertices vi9;119 for i=0,1,2,...... , {%W — 1 and assign the label 3 to

the vertices vy9;11, V1243 and wvyg; 7 for all the values of i=1,2,........ , (1—"2} — 1. Then
assign the label 2 to the vertices v19;,1; for i=0,1,2,......, (1—"2} — 1. For all the values of
i=1,2,........ , (1—"2} — 1, assign the label 2 to the vertices v19;, v19;14 and v19;,4. Clearly

the vertex condition is vy(1) = vy(3) = 2 and vp(2) = 2522 and the edge

condition is given in table 11.
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TABLE 11

Valuues of n er(0) | ep(1)

n=12t; + 6, m = 6ty + 5 | 2Hm=3 | 2ndm]

n = 12t1, m = 6ty + 2 2n+;n—2 2n+;n—2

Case 4. n=1 (mod 6) and m =0 (mod 3).

First we consider the vertices u;. Fix the label 1 to the first path vertex u;. Now we
assign the labels 3,2,1,2,3,1 to the path vertices us, us, u4, us, ug, u7 respectively. Then
we assign the labels 3,2,1,2,3,1 to the next six path vertices us, ug, 19, 11, U12, U13
respectively. Continuing like this we assign the label to the next six vertices and
so on. Note that the vertex wu, received the label 1. Now our attention turn to
the vertices v;. Assign the label 1 to the vertices vig;y1, v12i14 and vi9;19 for all
the values of i=0,1,2,......... ,(%W — 1 and we assign the label 1 to the vertices viy;
for i=1,2,3,.....x. Then we assign the label 3 to the vertices vs, vs,vg, ... For all the

values of i=0,1,2,3,..., h—"ﬁ — 1 assign the label 2 to the vertices v19;43, V12i16, V12i1+7 and

v12i410- Therefore the vertex condition is vs(1) = 7"“;”2 and vf(2) = v;(3) = n+r§171
and the edge condition is given in table 12.
TABLE 12
Nature of n er(0) | ep(1)
n=12t; + 7, m = 6ty + 3 2”4‘;’”—1 2n+;n—3
n=12t; + 1, m = 6ty 2n+£n—2 2n+;nf2

Case 5. n=1 (mod 6) and m =1 (mod 3).

Assign the label to the vertices u; (1 < i < n) as in case 4. Now we move to the
vertices v;. Fix the label 3 to the vertex v;. Assign the labels 2 to the vertices
V125492, V1245 and vi9;419 for all the values of i=0,1,2,...... x and we assign the label

2 to the vertices wvig;,1 for i=1,2,...... ,(%w — 1. Then we assign the label 3 to the
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vertices v, Vg, Vg, ..... For all the values of i=0,1,2,......, (l—m — 1, assign the label 1 to
the vertices v12i44, V1247, V12i+s and vig411. Clearly the vertex condition is vp(1) =
vp(3) = 2% and vy(2) = =2 and the edge condition is given in table 13.

TABLE 13

Vlaues of n er(0) | ep(1)

n=12t; + 7, m = 6ty + 4 | 2r=2 | 2ntm=2

n=12t; + 1, m = 6ty + 1 | 22H0=3 | 2ndm-l

Case 6. n=1 (mod 6) and m =2 (mod 3).
Label to the vertices u; (1 < i < n) as in case 4. Now our attention move to
the vertices v;. Assign the label 3,2 to the vertices v; and vy respectively. Then

we assign the labels 2 to the vertices vy9;13, v19;16 and wvig;111 for all the values of

i=0,1,2,...... , (%W — 1 and we assign the label 2 to the vertices vi9;19
fori=1,2,...... , (1—’12} — 1. Next we assign the label 3 to the vertices vy, v7, v10, ..... For all
the values of i=0,1,2,...... , (%W — 1, assign the label 1 to the vertices vy9;15, V1218, V12i19

and vyg;411. Finally we assign the label 1 to the vertices vy9; for i=1,2,3,..., (1—’12} —1.

Therefore the vertex condition is vy (1) = v(2) = vy(3) = ™ and the edge condition

is given in table 14.

TABLE 14

Nature of n er(0) | er(1)

n=12t; +7, m =6t +5 2n+;n—1 2n+;n—3

n=12t; + 1, m = 6ty + 2 2n+£n—2 2n+;n—2

Case 7. n =2 (mod 6) and m =0 (mod 3).
Consider the path vertices u;. Now we fix the labels 2,1 to the first path vertex uq, us

respectively. Assign the labels 3,2,1,2,3,1 to the path vertices wus, uy, us, ug, U7, us
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respectively. Then we assign the labels 3,2,1,2,3,1 to the next six path vertices
Ug, U10, U1, U2, U3, U4 Tespectively. Proceeding like this we assign the label to the
next six vertices and so on. Therefore the last vertex u,, received the label 1. Next
we move to the vertices v;. Fix the labels 1,3,2 to the vertices vy, vs,v3 respec-
tively. Assign the label 2 to the vertices vig;14 and wvig; 17 for all the values of
i=0,1,2,......... [51 — 1 and we assign the label 2 to the vertices vyo; and v19;,3 for
i=1,2.3,.. (_W — 1. Then we assign the label 3 to the vertices vs, vg, v11, ... For all
the values of i=0,1,2,3,.. { W 1, assign the label 1 to the vertices v19;16, V12i19 and
v12;+10- Finally we assign the label 1 to the vertices wvyo;11 for 1217273""’(1_7“ —1.
Clearly the vertex condition is vy(1) = v(2) = 255#L and vy(3) = 2482, Also the

edge condition is given in table 15.

TABLE 15

Values of n er(0) | er(1)

n=12t; + 8, m = 6ty + 3 | 2t2=3 | 2ndm-l

n=12t; +2, m = 6t, | 2Hp=2 | nbp=2

Case 8. n =2 (mod 6) and m =1 (mod 3).

First we consider the path vertices u;. Assign the label to the vertices u; (1 < i < n)
as in case 6. Next our attention move to the vertices v;. Fix the label 3 to the
vertex v;. Assign the label 1 to the vertices wvis;19,v12i15 and vi9;419 for all the
values of i=0,1,2,......... [51 — 1 and we assign the label 1 to the vertices vi9;,1 for
i=1,23,.. (HW 1. Then we assign the label 3 to the vertices vs, vg, vg, ... For all the
values of i=0,1,2,3,... hZW 1, assign the label 2 to the vertices vi9;14, V12117, V12i18

and vig;+11. Therefore the vertex condition of this case is v;(1) = vf(2) = v4(3) =

n+m

= and the edge condition is given in table 16.
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TABLE 16

Nature of n er(0) | ep(l)

n=12t; + 8, m = 6ty + 4 | 2tr=2 | 2ntm=2

n=12t; +2, m = 6ty + 3 | 2im=3 | ndm-l

Case 9. n =2 (mod 6) and m =2 (mod 3).
Label the vertices u; (1 <1i <n) as in case 7. Now we consider the vertices v;. Fix
the labels 1,3 to the vertices vy, vy respectively. Assign the label 1 to the vertices
V12i43, V12i+6 and vy9;4 11 for all the values of i=0,1,2,......... , (%W — 1 and we assign the
label 1 to the vertices vig;19 for i=1,2,3,...., (%W — 1. Then we assign the label 3 to
the vertices vy, v7, v13 respectively. For all the values of i=0,1,2,3,..., (%W — 1, assign
the label 2 to the vertices v19;15, V12;18 and vi9;19. Finally we assign the label 2 to the
n+m+2

vertices vyg; for i:1,2,3,...,(1—"2w — 1. Clearly the vertex condition is vy(1) = *=5

and vy(2) = vp(3) = =2=L Also the edge condition is given in table 17.

TABLE 17
Values of n er(0) | ep(1)
n=12t; +8, m =6ty +5 2n+;n—1 2n+;n—3
n =12t + 2, m = 6ty + 2 2n+£n—2 2n+;n—2

Case 10. n =3 (mod 6) and m =0 (mod 3).

First we consider the path vertices u;. Assign the labels 2,3,1,3,2,1 to the path vertices
Uy, Ug, Us, Uy, Us, Ug Tespectively. Then we assign the labels 2,3,1,3,2,1 to the next six
path vertices ur, ug, ug, u19, 11, U1z respectively. Continuing this way assign the label
to the next six vertices and so on. Therefore the last vertex u,, received the label by the
integer 1. Now our attention turn to the vertices v;. Fix the labels 1,2,3 to the vertices

vy, Vg, U3 respectively. Assign the label 1 to the vertices vi9;14 and wvyg;, 7 for all the

n

values of i=0,1,2,......... , [51 — 1 and we assign the label 1 to the vertices v19; and v19;13
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for i=1,2,3,... (lﬂ 1. Then we assign the label 3 to the vertices vs, vs, v11, ... For
all the values of i=0,1,2,3,.. { W 1, assign the label 2 to the vertices v19;16, V12i19
and v19;119. Finally we assign the label 2 to the vertices v, for i=1,2,3,..., (%W —1.
Therefore the vertex condition is vs(1) = v(2) = vy(3) = 2™ and the edge condition

is given in table 18.

TABLE 18

Nature of n er(0) er(1)

n=12t; +9, m = 6ty + 3 | 2tm=3 | nim-l

n=12t; +3, m =6ty |2p=2 | 2ndm2

Case 11. n =3 (mod 6) and m =1 (mod 3).

Assign the label to the vertices u; (1 < ¢ < n) as in case 10. Now we consider
the vertices v;. Assign the labels 1,2,3,1 to the vertices vy, vs,v3,v4 respectively.
Now we assign the label 1 to the vertices vi9;,15 and vi9;,¢ for all the values of
i=0,1,2,......... ,(ﬁw 1 and we assign the label 1 to the vertices vi9;411 and vi9;14
for i=1,2,3,... (lﬂ 1. Then we assign the label 3 to the vertices wvg, vg, v12, ... For
all the values of i=0,1,2,3,.. { W 1. assign the label 2 to the vertices vi9;17, V12110
and v19;111. Finally we assign the label 2 to the vertices vi9;, 9 for i=1,2,3,..., (ﬂw —1.
Clearly the vertex condition is vy(1) = 242 and vs(2) = vy(3) = 2=, Also the
edge condition is given in table 19.

TABLE 19

Values of n er(0) | er(1)

n=12t; +9, m = 6ty + 4 | 2t0=2 | 2ntm=2

n=12t; + 3, m = 6ty + 1 | 22H0=3 | 2ndm-l
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Case 12. n =3 (mod 6) and m =2 (mod 3).

First we consider the path vertices u;. Label the vertices u; (1 < i < n) as in case
10. Now our attention move to the vertices v;. Assign the labels 1,2,1,3,2 to the
vertices vy, Vg, U3, Uy, U5 Tespectively. Now we assign the label 2 to the vertices v19;16
and v19;19 for all the values of i=0,1,2,......... , h—’ﬂ — 1 and we assign the label 2 to the
vertices vyg;19 and vyg;45 for i=1,2,3,.....x. Then we assign the label 3 to the vertices
V7, V19, V13, ... For all the values of 120,1,2,3,...,[%W — 1, assign the label 1 to the
vertices v19;18 and vi9;411. Finally we assign the label 1 to the vertices vyo; and v19;13
for i=1,2,3,...,[ 4] — 1. Therefore the vertex condition is vy (1) = vy(2) = 241 and
vp(3) = M2=2_ Also the edge condition is given in table 20.

TABLE 20

Nature of n er(0) | ep(1)

n=12t; +9, m = 6ty + 5 | 22 | 2ndmod

n=12t; + 3, m = 6ty + 2 | 2n=2 | 2ntm2

Case 13. n =4 (mod 6) and m =0 (mod 3).

First we consider the path vertices u;. Fix the label 2 to the first path vertex u;. As-
sign the labels 2,3,1,3,2,1 to the path vertices us, us, uy, us, ug, u7 respectively. Then
we assign the labels 2,3,1,3,2,1 to the next six path vertices usg, ug, w19, U11, U12, U13
respectively. Proceeding like this assign the label to the next six vertices and so on.
Therefore the last vertex wu, received the label 1. Now our attention turn to the
vertices v;. Assign the label to the vertices v; (1 < i < m) as in case 4. Clearly the

ntm—1 _ ntmt2

vertex condition is vy (1) = vy (3) = *M— and vy(2) = "= and the edge condition

is given in table 21.
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TABLE 21
Values of n er(0) es(1)
n =12t + 10, m = 6ty + 3 2n+;nfl 2n+;7173
n =12ty + 4, m = 6t, 2n+;n—2 2n+;n—2

Case 14. n =4 (mod 6) and m =1 (mod 3).

Assign the label to the vertices u; (1 < ¢ < n) as in case 13. Next we move to
the vertices v;. Fix the label 1 to the vertex v;. Assign the label 2 to the vertices
V12i42, V12i+5 and vy9;4 10 for all the values of i=0,1,2,......... , (%W — 1 and we assign the
label 2 to the vertices vi9;11 for i=1,2,3,...., (%W — 1. Then we assign the label 3 to
the vertices vs, vg, vy, ... For all the values of i=0,1,2,3,..., (1—"& — 1, assign the label
1 to the vertices vi9;14, V1217, V12i+8 and vi9;111. Therefore the vertex condition is
vp(1) = vy(2) = 2224 and vy(3) = =22 and the edge condition is given in table

22.

TABLE 22

Nature of n er(0) | ep(1)

n = 12t; + 10, m = 6ty + 4 | Zntm=2 | 2nim-2

n=12t, +4, m = 6ty + 1 | 2ntm=3 | 2ntm-1

Case 15. n =4 (mod 6) and m =2 (mod 3).

Consider the path vertices u;. Label the vertices u; (1 < i < n) as in case 13. Next
our attention move to the vertices v;. Fix the labels 1 and 3 to the vertex v; and
vy respectively. Assign the label 2 to the vertices vig;13, V12,16 and vi9;,1; for all
the values of i=0,1,2,......... , h—’ﬂ — 1 and we assign the label 2 to the vertices v19;12
for i:1,2,3,....,(%w — 1. Then we assign the label 3 to the vertices vy, v7, vy, ... For

all the values of i=0,1,2,3,...,[ %] — 1, assign the label 1 to the vertices viz;15, V12i4s

and v19;19. Finally we assign the label 1 to the vertices vqo; for i=1,2,3,..., (1_"2} —1.
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Clearly the vertex condition is v¢(1) = vy(2) = vy(3) = 2£™ and the edge condition
is given in table 23.

TABLE 23

Nature of n er(0) | ef(1)

n =12t + 10, m = 6ty + 5 | 2ntm=Ll | 2ntm=3

n=12t; +4, m = 6ty + 2 | 2ntm=2 | 2nfm-2

Case 16. n =5 (mod 6) and m =0 (mod 3).

Fix the labels 1,2 to the first two path vertices uq, us respectively. Assign the labels
2,3,1,3,2,1 to the path vertices us, ug, us, ug, ur, ug respectively. Then we assign the
labels 2,3,1,3,2,1 to the next six path vertices wug, w19, u11, 12, U3, U14 respectively.
Proceeding like this assign the label to the next six vertices and so on. Therefore the
last vertex u,, received the label 1. Now our attention turn to the vertices v;. Assign
the label to the vertices v; (1 < i < m) as in case 4. Therefore the vertex condition is
vp(1) = vy(2) = 224 and vy (3) = 2H=2. Also the edge condition is given in table

24.

TABLE 24
Values of n er(0) | es(1)
n=12t; + 11, m = 6ty + 3 2n+;n—1 2n+;n—3
n =12ty + 4, m = 6t, 2n+;n—2 2n+;n—2

Case 17. n =5 (mod 6) and m =1 (mod 3).
Assign the labels to the vertices u; (1 < i < n) asin case 16. Then label the vertices v;
n+m

(1 <i<m)asincaseb. Clearly the vertex condition is vy (1) = vy (2) = vs(3) = "%

Also the edge condition is given in table 25.
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TABLE 25

Values of n er(0) | ef(1)

n=12t; + 11, m = 6ty + 4 | 2ntm=2 | 2nim-2

n=12t, +5 m= 6ty + 1 | 2ntm=3 | 2ntm-1

Case 18. n =5 (mod 6) and m =2 (mod 3).

Label the vertices u; (1 <i < n) as in case 16. Also assign the label to the vertices

v; (1 <4 <m) as in case 6. Therefore the vertex condition is vs(1) = vy(3) = 221
and vy(2) = 242 Also the edge condition is given in table 26.
TABLE 26
Nature of n er(0) | ep(1)
n=12t; + 11, m =6t + 5 2n+;n—1 2n+;n—3
n = 12t; +5, m = 6ty + 2 2n+;n—2 2n+;n—2
]

Example 2.4. A 3-difference cordial labeling of the dumbbell Uy 5 is given in figure
4.

—
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FIGURE 4
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