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SOME RESULTS ON A-BANACH FRAMES FOR OPERATOR
SPACES

MAYUR PURI GOSWAMI(®) AND H.K. PATHAK 2

ABSTRACT. In this paper, a new notion of A-Banach frame is introduced as a
generalization of retro Banach frame for the space of bounded linear operators.
Some results regarding characterizations and construction of A-Banach frames are
presented. We extend results for retro Banach frame to the class of A-Banach
frame. In the sequel, finite sum of A-Banach frames for operator spaces has been
discussed. Finally, some perturbation and stability results on A-Banach frames

have been given.

1. INTRODUCTION

In 1952, during the discussion on some deep problems in nonharmonic Fourier
series, Duffin and Schaeffer [5] introduced frames for Hilbert spaces. Recall that, a
countable system {z,} in a Hilbert space X is called Hilbert frame for X, if there

exist positive constants A and B such that

[e.e]
Allz||* < Z| <2, >|* < B|z|? for each = € X.

n=1

The fundamental work done by Daubechies, Grossmann, and Meyer [4] developed

and popularized frames for Hilbert spaces. In 1991, Grochenig [6] extended Hilbert
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frames to Banach spaces and introduced Banach frames. Further, many general-
izations of frames in Hilbert spaces and Banach spaces have been introduced and
studied, namely, p-frames [1], X-frames [3], G-frames [15], fusion frames [2] etc.

In 2004, Jain et al. [7], studied frames in conjugate Banach spaces and introduced
retro Banach frames. In 2010, fusion Banach frames were introduced in [9] as a
generalization of Banach frames in Banach spaces. Later, in 2012, operator frames for
Banach spaces were introduced by Chun Yan Li [12]. Recently, Chander Shekhar [13],
further studied operator frames and introduced operator Banach frames for Banach
spaces. The reconstruction property is an important tool in the study of frame theory
as discussed by Kaushik et al. in [11]. In this direction, they introduced the notion
of Banach A-frames for Banach spaces. The Banach A-frame were further studied in
[14]. Motivated by the paper [11], we introduce and study the notion of A-Banach
frames for spaces of bounded linear operators and observe that every retro Banach
frame is a A-Banach frame but converse need not true as shown in Remark 1.

The paper is organized as follows. Section 2 contains some notations and basic
definitions which will be used throughout the paper. In section 3, we define A-
Banach frames for operator spaces and discuss various types of A-Banach frames
by giving some illustrative examples. Further, some characterizations of A-Banach
frames have been given. A sufficient condition for the finite sum of A-Banach frames
is to be a A-Banach frame has been obtained in section 4. In section 5, we prove
some perturbation and stability results for A-Banach frames. Finally, in section 6,

we give an application of A-Banach frame in eigenvalue problem.

2. PRELIMINARIES

Throughout this paper, X and Y will denote Banach spaces over the scalar field K
(R or C) and X* the conjugate space of X. B(X,Y’) be the family of bounded linear

operators from X into Y. The closed linear span of {z,} in the norm topology of
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X is denoted by [z,]. We denote by B,, a Banach space of vector valued sequences
associated with Y.

In order to make the paper self-contained, we list the following definitions.

Definition 2.1. [6] Let X be a Banach space and X, be an associated Banach space
of scalar valued sequences, indexed by N. Let {f,} C X* and S : X; — X be given.
The pair ({f.},5) is called a Banach frame for X with respect to X, if

(i) {fu(2)} € Xy, for each x € X,

(ii) there exist constants A and B with 0 < A < B < oo such that
(2.1) Allzllx < [{fa@)}x, < Bllzllx, =€ X,

(iii) S is a bounded linear operator such that

S{ fu(2)}) =z, re X.

The positive constants A and B, respectively, are called lower and upper frame
bounds of the Banach frame ({f,},S). The operator S : X; — X is called the
reconstruction operator (or, the pre frame operator). The inequality (2.1) is called

the frame inequality.

Definition 2.2. [7] Let X be a Banach space and X* be its conjugate space. Let
(X*)a be a Banach space of scalar valued sequences indexed by N associated with
X*. Let {z,} be a sequence in X and T : (X*); — X* be given. A pair ({z,},T) is
called a retro Banach frame for X* with respect to (X*)g if

(i) {f(zn)} € (X*)4, for each f € X*

(ii) there exist constants A and B with 0 < A < B < oo such that

(2:2) Allfllx < S (@)l < BIIS]

X*5 for all f € X*
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(iii) 7" is a bounded linear operator such that
T({f(xa)}) = f,  feX"

The positive constants A and B are called, lower and upper frame bounds of the
retro Banach frame ({x,},T), respectively. The operator T': (X*); — X* called the
reconstruction operator for the retro Banach frame ({x,},T). The inequality (2.2) is

called the retro frame inequality.

Definition 2.3. [11] Let X and Y be Banach spaces and let Yy be a sequence space
associated with Y. A system {x,} C X is called a Banach A-frame for B(X,Y) if

there exist positive constants 0 < A < B < oo such that

A[A < {A(zn) v, < BIIAJL, - forall A€ B(X,Y).

We finish this section with the following result proved in [7].

Theorem 2.1 (Jain-Kaushik-Vashisht). Let X be a Banach space. Then X* has a

retro Banach frame if and only if X s separable.

3. A-BANACH FRAME

Let us begin with the following definition of A-Banach frame for operator spaces.

Definition 3.1. Let X and Y be Banach spaces. Let {x,} be a sequence in X,
A e B(X,Y)and S: B; — B(X,Y) be an operator, where B, be a Banach space of
vector valued sequences associated with Y. Then ({z,}, A, S) is called a A-Banach
frame for B(X,Y’) with respect to By, if

(i) {A(z,)} € By, A € B(X,Y)

(ii) there exist constants 0 < A < B < oo such that

(3.1) AlA < T{A () s, < BIIALL, - A€ B(X,Y)
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(iii) S is a bounded linear operator such that
SUA@ID =A,  A€BX,Y).

The positive constants A and B are called lower and upper frame bounds, respec-
tively, for the A-Banach frame ({z,}, A, S). The inequality (3.1) is called the A-frame
inequality. The operator S : By — B(X,Y) is called the reconstruction operator. We

shall also use the following keywords.

e If condition (i) in definition 3.1 and upper inequality in (3.1) are satisfied,
then {z,} is called a A-Bessel sequence for B(X,Y) with respect to Bj.

e If removal of any z;, from the A-Banach frame renders the collection {x, }nx
to be a A-Banach frame for the underlying space, then ({z,}, A, S) is said to
be an ezact A-Banach frame for B(X,Y') with respect to B,.

e The A-Banach frame ({z,}, A, S) is said to be tight if A = B, and normalized
tight if A= B =1.

e A sequence {x,} in X is said to be total over B(X,Y) if

{Ae B(X,Y): A(z,,) =0, Vn € N} = {0}.

Now, we prove a fundamental result in the form of lemma, which will be used in

the subsequent work.

Lemma 3.1. Let X andY be Banach spaces and A € B(X,Y). If {x,} C X is total
over B(X,Y), then By = {{A(z,)} : A € B(X,Y)} is a Banach space with norm
given by ||{A<xn)}”5d = [IA[l, A € B(X,Y).

Proof. Clearly, B, is a linear space under pointwise addition and scalar multiplication.

Also,

{AGzn) s, = A =20, Ae B(X,Y).
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Let ||[{A(xn)}|s, = 0. Then ||A]] = 0= A = 0. This gives {A(x,)} = 0. Also, if
{A(z,)} = 0, then A(z,) = 0, for each n € N. Since {z,} is total over B(X,Y),

A = 0. This gives ||[{A(x,)}||5, = ||A]| = 0. Further, for any scalar «, we have,

la{A(zn) }His, =lallI{A(zn)} s,
and [[{A(zn)} + {O(zn) s, <I{A(zn)} s, + {O(zn)}]s,, O € B(X,Y).

Thus, the given norm on By is well defined. Let {{A,(x;)}:}» be a Cauchy sequence
in By. Then {A,} is a Cauchy sequence in B(X,Y’). Thus, completeness of B(X,Y)
ensure that, there is a A € B(X,Y) such that A,, — A as n — oo. So that, the
Cauchy sequence {{A,(x;)}:}n converges in B,;. Hence, B, is a Banach space with

norm given by |[{A(z,)}|s, = [|All, A € B(X,Y). O

In order to show the existence of various kinds of A-Banach frame, we furnish the

following examples.

Example 3.1. Let X =Y = [y and {z,} be the sequence of standard unit vectors
in X. Since {x,} is total over B(X,Y'), by Lemma 3.1, there ezists an associated
Banach space By = {{A(z,)} : A € B(X,Y)} of vector valued sequences and with
norm given by |{A(z)Hls, = Al A € BX,Y).

Define S : By — B(X,Y) by S({A(z,)}) =A, A€ B(X,Y). Then S is a bounded
linear operator such that ({x,},A,S) is a A-Banach frame for B(X,Y') with respect
to By.

(1) Tight and Exact: Clearly, ({x,},A,S) is a normalized tight A-Banach
frame for B(X,Y) and there exists no reconstruction operator Sy such that
({zn }ntks Ay So) is a A-Banach frame for B(X,Y'), which shows that the A-
Banach frame ({x,}, A, S) is ezxact.

(2) Non-tight and Exact: Let {y,} be a sequence in X defined by

Y1 = pxy, (0</L< 1) and Yn = Tn, (n22>
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Then, for each A € B(X,Y), {A(y,)} € By and
pIA < [{A ) s, < (AL A e B(X,Y).

Define operators P,Q : B(X,Y) — By such that for each A € B(X,Y),
PA) ={A(zn)}  and  Q(A) ={A(yn)}-

Then ||P—Q| <1 and SP = 1. Also, ||[I —SQ|| < 1. Thus, SQ is invertible.
Put T = (SQ)™*S. Then T : By — B(X,Y) is such that T({A(z,)}) = A,
A € B(X,Y). Therefore, ({yn}, A, T) is a A-Banach frame for B(X,Y') with
respect to By which is non-tight and exact.

Tight and non-exact: Let {y,} be a sequence in X defined by
Y1 = 1, Yn = Tn-1, 77/2 2.

Then there exists a reconstruction operator Sy : Bgy = {{A(yn)} : A €
B(X,Y)} — B(X,Y) such that ({y,}, A, So) is a A-Banach frame for B(X,Y)
with respect to By, and having bounds A = B = 1. Further, note that
{Yn}tnz1 is total over B(X,Y'), therefore there exists an associated Banach
space Ba, = {{A(Yn) nz1 1 A € B(X,Y)} with norm given by |[{A(yn)}|s,, =
IA]l, A € B(X,Y) and a reconstruction operator Sy : By, — B(X,Y) such
that ({yn}, A, S1) is a A-Banach frame for B(X,Y") with respect to By, . Hence,
({yn}, A, So) is tight and non-exact A-Banach frame for B(X,Y).

(4) Non-tight and non-exact: Let {y,} be a sequence in X defined by

m=yr=a1, ys=pwz, (0<p<l),  yn=an, (n>4)
Then {A(y,)} € Ba, A € B(X,Y) and

plIA < TH{A () Hiss < A, A e B(X,Y).
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Define a bounded linear operator Sy : By — B(X,Y) by So({A(yn)}) = A, A €
B(X,Y). Then, ({yn}, A, So) is a A-Banach frame for B(X,Y') with respect
to By. Further, there exists an associated Banach space By, = {{A(yn) }nz1 :
A € B(X,Y)} with norm given by [[{A(yn)}uzills, = [All, A € B(X,Y).
Define Sy : By, — B(X,Y) by S1({A(yn)}nz1) = A, A € B(X,Y). Then,
({yn}nez1, A, S1) is a A-Banach frame for B(X,Y') with respect to Bq,. Hence,
({yn}, A, So) is a non-tight and non-exact A-Banach frame for B(X,Y) with
respect to By.

(5) Not a A-Banach frame: Let {y,} C X be a sequence defined by y, = 2,
Yn = Ty, n > 2. Then there exists no reconstruction operator S such that

({yn}, A, S) is a A-Banach frame for B(X,Y).

Remark 1. Ewvery retro Banach frame is a A-Banach frame. Indeed, let X be a
Banach space and X* be a dual of X. Let (X*); be an associated Banach space
of scalar valued sequences indexed by N and let ({z,},S) (where {z,} C X and
S (X*)g — X*) is a retro Banach frame for X* with respect to (X*);. Let Y be
a field of scalars. Define Ay € B(X,Y), for any f € X*, by Af(z,) = f(x,). Then
({zn}, Ay, S) is a A-Banach frame for B(X,Y’) with respect to (X*),;. However, the

converse need not true as shown in Example 3.2.

Example 3.2. Let X =Y = l,. Let {x,} be a sequence of unit vectors in X.
Then, by Lemma 3.1, there exists an associated Banach space By = {{A(z,)} : A €
B(X,Y)} with norm ||[{A(z.)}||s, = |All, A € B(X,Y) and a reconstruction operator
S: By — B(X,Y) defined by S({A(zx,)}) = A, A € B(X,Y). Hence, ({x,}, A, S) is
a A-Banach frame for B(X,Y) with respect to By. On the other hand, by Theorem

2.1, X* has no retro Banach frame.

For the rest part of this section, the system ({z,}, A, S) will be a A-Banach frame
for B(X,Y’) with respect to By, where {z,} C X, A € B(X,Y)and S: B; — B(X,Y)
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be a reconstruction operator. Now, in order to give some characterizations of A-
Banach frames, we extend some results for retro Banach frame, proved in [7], to the
class of A-Banach frame. In the sequel, we first prove that the coefficient mapping
associated with a A-Banach frame for B(X,Y) is a topological isomorphism onto a

closed subspace of B,.

Theorem 3.1. Let ({z,},A,S) be a A-Banach frame for B(X,Y') with respect to
By and A, B are A-frame bounds. Then the coefficient mapping T : B(X,Y) — By
defined by T(A) = {A(x,)}, A € B(X,Y) is a topological isomorphism onto a closed
subspace of By with |T|| < B and | T~ < &, where T~ is defined on the range of
T, denoted by R(T).

Proof. The A-frame inequality for the A-Banach frame ({x,}, A, S) is given by
AIA < [{A(zn) s, < BIIAIL, A€ B(X,Y).

Thus, we see that ||T|| < B. Now, let A € kerT. Then T'(A) = 0, and so A(x,) = 0,
Vn. Then, by A-frame inequality, A = 0. Thus, 7T is injective. So that, T! exists on
R(T) and | T < L.

Now, we shall show that R(T') is closed. Let {o,} be a sequence in R(T') converging
to o € B; and {0©,} be a sequence in B(X,Y) such that T(0,,) = 0,, n € N. Then
{T(©,)} = {0,} is a Cauchy sequence in B, and so by continuity of 7!, {©,} is a
Cauchy sequence in B(X,Y'). Since B(X,Y') is complete, there exists a © € B(X,Y)
such that lim, .. ©, = ©. Therefore, by continuity of 7', lim,,_.., 7(0,) = T(0).
Hence, R(T) is a closed subspace of B,. O

Remark 2. For a sequence {x,} C X, if the coefficient mapping 7' : B(X,Y) — By
defined by T'(A) = {A(z,)}, A € B(X,Y) is a topological isomorphism onto B, then

there exists a reconstruction operator S : By — B(X,Y) such that ({z,},A,S) is a
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A-Banach frame for B(X,Y") and with frame bounds ||77'||7" and ||T||. Indeed, for
each A € B(X,Y),

{A @) s, = 1T < ITI[A]
and
IT7HHIAL < I{A @)},
Hence,
1T AN < 1A @) HIs, < ITHIANL - A€ BX,Y).
Put S = T-'. Then ({z,},A,S) is a A-Banach frame for B(X,Y") with respect to

Ba.

In the next result, we prove that the linear homeomorphic image of a A-Banach

frame is a A-Banach frame.

Theorem 3.2. Let ({x,}, A, S) be a A-Banach frame for B(X,Y') with respect to By
and with best bounds A and B. Let Q) : X — X be a linear homeomorphism, then
there is a bounded linear operator Ny € B(X,Y) and a reconstruction operator Sy
such that ({Qx,}, Mo, So) is a A-Banach frame for B(X,Y') with respect to By and
with best bounds C and D satisfying,

AlQ7YITt < ¢ < AllQl,

BIQ7'|I7" < D < BJQ|I-
Proof. The A-frame inequality for the A-Banach frame ({x,}, A, S) is given by
(3.2) AA < [{AG@a) s, < BIIAL, - A€ B(X,Y).
Take Ag = AQ™'. Then Ay € B(X,Y) such that

(3.3) {A(za)} = {AMQ ™' Qua)} = {A0(Qy) }-
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So, {Ao(Qzn)} € Bu, Ag € B(X,Y). Also,
(3.4) [Aoll = IAQ7H| < IAIQH-
Therefore, by (3.2), (3.3) and (3.4) we have
AlQTHITH[Aoll < AIAN < [{A (@) Iz, = I{A0(Qrn) Y5, < BIAI < BlQI [ Aoll-

Define Sy : By — B(X,Y) by So({Ao(Qz,)}) = Ao, Ao € B(X,Y). Then, ({Qz,}, Ao, So)
is a A-Banach frame for B(X,Y) with respect to By, with bounds A||Q~!||~' and

BlQ-
Since, the constants C' and D are best bounds for A-Banach frame ({Qz,}, Ao, So),

we have
(3.5) AlRTITM <€ and D < B|Q|.
Further, [|Al = [[Ao@Q]| < [[Aofl|Q]]- So,

CIQIHIAI <ClAo]

<I{Ao(@zn) s, (= [{A(2n)}I5,)

<D|[Aoll
<D[A[[lQ~].
Thus, we obtain
(3.6) ClRIM AN < I{A @)}z, < DIQHIIAL-
Hence,
(3.7) A>C|QI™" and B <D|Q7Y|

Hence, from (6.1) and (3.7) we conclude that

Al = < 4]Qll
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Bl <D< B|Q|.
]

Now, we construct a normalized tight A-Banach frame associated with a given A-
Banach frame. This kind of construction of A-Banach frame is motivated by Theorem

2.9 [13] given for operator Banach frame.

Theorem 3.3. Let ({x,},A,S) be a A-Banach frame for B(X,Y") with respect By.
Let {y,} be a sequence in X such that {x, + y,} is a A-Bessel sequence for B(X,Y)
with respect to By and with bound M < ||S||~'. Then there exists a reconstruction
operator Sy : By — B(X,Y) such that ({y,}, A, So) is a normalized tight A-Banach
frame for B(X,Y) with respect to By.

Proof. Let A and B be the A-frame bounds for the A-Banach frame ({z,},A,S).

Then the A-frame inequality is given by
AIA < [{A(@a) s, < BlIAIL, - A e B(X,Y).

Since {z,, + y,} is a A-Bessel sequence for B(X,Y’) with respect to By with bound

M, we have,

{A(zn + yn) Mg, < MIIA|, A€ B(X,Y).
Since, the operator S : By — B(X,Y) is given by S({A(z,)}) = A, A € B(X,Y), we
obtain
(ISII7H = M)A <I{A@a) s, — I{A (@ + ya) His,
<|{A(yn) Hi5,-
Thus, it is easy to check that, {y,} is total over B(X,Y’). Therefore, by Lemma 3.1

there exists an associated Banach space By, = {{A(y»)} : A € B(X,Y)} with norm
given [{A(yn)}s,, = Al A € B(X,Y).
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Define Sy : By, — B(X,Y) by So({A(yn)}) = A, A € B(X,Y). Then Sy is a
bounded linear operator such that ({y,},A,Sp) is a A-Banach frame for B(X,Y)

with respect to By, . O

Regarding the converse of Theorem 3.3, we prove the next result.

Theorem 3.4. Let ({z,},A,S) and ({y,},\,T) be A-Banach frames for B(X,Y)

with respect to By. Let W : By — By be a linear homeomorphism such that

W({A(za)}) = {Awn)}, A€ B(X,Y).

Then {x, + y,} is a A-Bessel sequence for B(X,Y') with respect to By and with
bound M = min{||U||||[I + W[, ||V IIII + WY}, where U,V : B(X,Y) — By are the
mapping given by U(A) = {A(x,)} and V(A) = {A(y.)}, A € B(X,Y) and I denote

the identity mapping on By.

Proof. For each A € B(X,Y'), we have

{A (@0 +yn) s, =[{A@n)} + {Aya) 3]
=[L({A(zn)}) + W({A2a)})]
=7 +W)({Aza)})l
=T +W)UQA]

<+ WAL
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Similarly, we compute

I{A(@n + yn) Hisy =[{A(zn)} + {A(yn) }]
=W ({Ay)}) + T{A(a) D
=1 + W H({Aly) DI
=1 + W HV (Al
<IF+ W HIVIHALL

Hence, {z, + y,} is a A-Bessel sequence for B(X,Y’) with respect to B, with bound
M =min{||U|[|T + W, [V[[[IT + W1}
]

In the following theorem, we obtain a necessary and sufficient condition for a

sequence in a Banach space to be a A-Banach frame.

Theorem 3.5. Let ({x,}, A, S) be a A-Banach frame for B(X,Y") with respect to B,.
Let {y,} be a sequence in X. Then, there exists a reconstruction operator Sy : By —
B(X,Y) such that ({yn}, A, So) is a A-Banach frame for B(X,Y') with respect to By
if and only if there exists a constant 3 > 0 such that

IW{A@) D), = BI{A(@) s, A€ BX,Y)
where W : By — By is a bounded linear operator given by W ({A(z,)}) = {A(yn)}, A €
B(X,Y).

Proof. Let Ay and By be the A-frame bounds for the A-Banach frame ({z,}, A, S).

Then the frame inequality is given by,
A[A < [{A(zn) s, < BillAl, - A e B(X,Y).

Assume that there is a reconstruction operator Sy : By — B(X,Y) such that

({yn}, A, Sp) is a A-Banach frame for B(X,Y") with respect to By and having frame
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bounds As and By. Then the A-frame inequality for the A-Banach frame ({y,}, A, So)
is given by

Ao[|All < [{A(Yn) 3B, < Bl Al A€ BX,Y).

Since W : By — By is given by W ({A(z,)}) = {A(yn)}, A € B(X,Y), using above

frame inequalities, we compute,
W {Azn) Dlls, =I{A(Yn) H s,
> Ao ||Al

> 22 (A s,

This yields, ||W({A(z,) P, > BI{A(z,)}|5,, where 3 = %. Conversely, for each
A € B(X,Y), we have,

{A ) Is, = BI{A(20) s, = BAL[ ALl

Also,

{A () s = W A @) DIF < WA (z) s, < Bul[WIIIA]-

Hence, we conclude that
BAUA < I{Awn)His, < BiWIIALL - A e B(X,Y).

Put Sp = SW. Then Sy : By — B(X,Y) is a bounded linear operator such that
So({Ayn)}) = A, A € B(X,Y). Hence, ({yn},A,So) is a A-Banach frame for
B(X,Y) with respect to By and having frame bounds 3A; and B;||[W/|. O

Now, we construct A-Banach frames in the product space. In fact, we prove that
if B(X1,Y1) and B(X3,Y;) have A-Banach frames then B(X; x X5, Y] X Y3) also has

a A-Banach frame.



182 MAYUR PURI GOSWAMI AND H.K. PATHAK

Theorem 3.6. Let X1, Xs, Y7, Ya, be Banach spaces. Let ({x,}, A1, 51) (where {z,} C
Xy, Ay € B(X1,Y1), S1 @ By, — B(X1,Y1)) and ({yn}, Ao, S2) (where {y,} C

Xo, Ay € B(X2,Ys), Sy @ By, — B(X3,Y2)) be A-Banach frames for B(X1,Y))

and B(Xs,Ys) with respect to By, and Bg,, respectively. Then there exists a sequence

{zn} in X1 x Xo, an operator A € B(X; x Xo,Y1 X Ys), an associated Banach space

B, and a reconstruction operator U : By — B(X1 X Xa,Y1 xYs) such that ({z,}, A, U)

is a A-Banach frame for B(X; x X5,Y] x Y3) with respect to By.

Proof. Let Ay, By be a couple of bounds for A-Banach frame ({x,}, A1, S1) and A,
By be a couple of bounds for A-Banach frame ({y,}, A2, S2). Then, the A-frame
inequalities for B(X1,Y7) and B(X,,Y3) are given by

(3.8) Al Al < (A () Hls,, < BillAall, - Av € B(Xy, 1),

(3.9) Aol|As| < [{A2(yn) HlBa, < BallMall, Az € B(X3,Ya).

Let {z,} be a sequence in X; x Xy, where z, = (z,,y,), n € Nand A € B(X; X
Xo,Y) X Ys) defined by

Az, yn) = (A1(2n), Aa(yn))-

Suppose A(z,,yn) = 0, ¥n € N. Then Ay(z,) = A2(y,) = 0, Vn € N. By (3.8) and
(3.9) we obtain A = (A1,Ay) = 0. Hence, {z,} is total over B(X; x X5, Y] x Y3).

Therefore, by Lemma 3.1, there exits an associated Banach space
By ={{A(zn)} : A € B(X; x X5,Y] xY3)}
with norm given by
{AGa) s, = AL, A€ B(Xy x X5, Y1 x V3).
Define U : By — B(X; x X5,Y] x Y3) by

U({A(zn)}) = A, A € B(X; x X3,Y1 xYs).
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Then, ({z,}, A, U) is a A-Banach frame for B(X; x X3, Y] xY5,) with respect to By. O

4. FINITE SUM OF A-BANACH FRAME

Let ({z1:},A,S1) and ({2}, A, S2) be two A-Banach frames for B(X,Y) with
respect to B;. Then there exists, in general, no reconstruction operator Sy such
that ({z1;+ 224}, A, So) is a A-Banach frame for B(X,Y’), as shown in the following

example.

Example 4.1. Let X =Y =1, (1 <p < 00). Let {z,} be a sequence of unit vectors
in X. Since {x,} is total over B(X,Y'), by Lemma 3.1, there exists an associated
Banach space B, = {{A(x,)} : A € B(X,Y)} with norm given by |[{A(zn)}]5,, =
IAll, A € B(X,Y) and a bounded linear operator Sy : By, — B(X,Y) such that
So({A(zn)}) = A, A € B(X,Y). Hence, ({zn},A,So) is a A-Banach frame for
B(X,Y) with respect to Bg,.

Now, let {y,} be a sequence in X defined by by
Y1 = 21, Yo = 21 — Lo, Yn = Tn, (n > 3).

Then, by Lemma 3.1, there exists an associated Banach space By, = {{A(yn)} :
A€ B(X,Y)} with norm given by [{A(yn)}|s,, = [[All, A € B(X,Y) and a bounded
linear operator Sy : By, — B(X,Y) such that S1({A(y,)}) = A, A € B(X,Y). Hence,
({yn}, A, S1) is a A- Banach frame for B(X,Y') with respect to By, .

Put z, = x, + yn, n € N. Then, there exists no associated Banach space By and
hence no reconstruction operator S : By — B(X,Y) such that ({z,},A,S) is a A-
Banach frame for B(X,Y) with respect to By. Indeed, if ({z,},A\,S) is a A-Banach
frame for B(X,Y") with respect to By. Then there exist positive constants A,, B, such
that

(4.1) A[Al < I{A ) s < B:lIAlL, - A e B(X,Y).
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Now, A = (0,1,0,0,...) is a nonzero operator in B(X,Y) such that A(z,) = 0,
Vn € N. So, by inequality (4.1), A =0, a contradiction.

In view of above example, in the next result, we provide a condition under which
the finite sum of A-Banach frames for B(X,Y) is a A-Banach frame for B(X,Y).

This result extend Theorem 2.15 [13] to the case of A-Banach frame.

Theorem 4.1. Let ({z;,},A,S;) (i =1,2,...,k) be a A-Banach frame for B(X,Y)
with respect to By. Then there exists a reconstruction operator Sy such that ({Zle Tint, A, So)
is a normalized tight A-Banach frame for B(X,Y'), provided

MMnmw@sH@(éimQ}H A€ B(X,Y)

for some i € {1,2,3, ..., k}.

Proof. For each i € {1,2,...,k}, ({zin}, A, S;) is a A-Banach frame for B(X,Y") with

(1(5e)}
wxwwmngH{A(§;%m>}B

Therefore, {A(SF,

an associated Banach space By, = {{A(XF_, #:,)} : A € B(X,Y)} with norm given
=[Al, - Ae B(X,Y).

T e,

Define Sy : By, — B(X,Y) by SO({A(ZZ (Tin)}) = A, A € B(X,Y). Then Sy

respect to B;. Thus we have

AL = 15 ({A (i) DI <

By

This gives

., AeB(X)Y).

d

Tin)} is total over B(X,Y). Hence, by Lemma 3.1, there exists

is a bounded linear operator such that ({A(ZZ 1 Tin)}t A, Sp) is a normalized tight
A-Banach frame for B(X,Y’) with respect to Bg,. O
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5. PERTURBATION OF A-BANACH FRAMES

In this section, we discuss some perturbation and stability results of A-Banach
frames. In fact, we extend some perturbation results [8] to the class of A-Banach

frame. Let us begin this section with the following result.

Theorem 5.1. Let ({z,},A,S) be a A-Banach frame for B(X,Y') with respect to
By and let {y,} be a sequence in X such that {A(y,)} € By, A € B(X,Y) and
let W : By — By be a bounded linear operator such that W({A(y,)}) = {A(x,)},
A € B(X,Y). Then there exists a bounded linear operator Sy : By — B(X,Y)
such that ({yn}, A, So) is a A-Banach frame for B(X,Y) if and only if there exists a
constant M > 0 such that

{A (@0 = yn)}ls, < M min{[{A(zn)} s, [{AWa)H 5,3 A€ B(X,Y).

Proof. Let Ay, B; be the A-frame bounds for A-Banach frame ({z,}, A, S) and As,
By be the A-frame bounds for A-Banach frame ({y,}, A, Sp). Then, the A-frame

inequalities are given by,

A[IAl < Az His, < BillAll, - A€ B(X,Y)

Ao[|All < [{A(yn) }HIs, < Bof|All, A€ BX,Y).

Using above inequalities, we obtain

{A (@0 = yn) Iz, <I{AER)}Is, + I{A W) H 5,

<[{A(zn) }ls, + BallAl

s(l ; ji) 1A G i,
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Similarly, we obtain

{A (@0 = yn) Iz, SI{AGER)}Is, + I{A W) H s,

SBIHAH + H{A(yn)}HBd

g(l ; ji) A s,

Choose M = max{ (1 + %), (1+ f—;)}. Then we get

{A (@0 = yn)}ls, < M min{[{A(zn)} s, [{A W) 5,3 A€ B(X,Y).

Conversely, suppose that A and B are frame bounds for A-Banach frame ({z,}, A, S)
for B(X,Y). Then for each A € B(X,Y'), we have

AJAI <A ()},
<I{A(zn) = Ayn) His, + [[{A(Yn) }Hi,
<L+ M)[[{A(yn)}H
<L+ M)([{A(zn) = Aya) His, + [{A(20) }]5,)
<(1+ M)*[{A(2n) s,
<(1+ M)*BJ|All.
Put Sy = SW. Then Sy : By — B(X,Y) is a bounded linear operator such that

So({Ayn)}) = A, A € B(X,Y). Hence, ({yn}, A, S) is a A-Banach frame for
B(X,Y) with respect to By. O

Next, we give a condition under which the perturbation of a given A-Banach frame
by uniformly scaled version of a given A-Bessel sequence (by an appropriately chosen

scalar number) is still a A-Banach frame.

Theorem 5.2. Let ({z,},A,S) be a A-Banach frame for B(X,Y') with respect to

By with a couple of frame bounds A and B. Let {y,} be a sequence in X such that
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{A(yn)} € By, A € B(X,Y) and for some constant M > 0,
I{A(yn) s, < MAlL, - A€ BX,Y).
Let Q) : By — By be a bounded linear operator defined by
QUA(@n + dyn)}) = {A(zn)}, A€ BX)Y),

where X is a nonzero constant such that |\ < %. Then there exists a reconstruction
operator Sy : By — B(X,Y) such that ({x, + A\yn}, A, So) is a A-Banach frame
for B(X,Y) with respect to By and with a couple of frame bounds (A — |A\|M) and
(B+ |A\M).

Proof. Clearly, {A(z, + A\yn)} € By, for each A € B(X,Y). Using the A-frame
inequality for A-Banach frame ({z,}, A, S) we compute,
{A(@n + Ayn) His, <I{A@n)}Is, + IAMI{A(YA) s,
<I{A (@) }Hls, + [AMA]

<B|[A[l + [AMIA] = (B + [AIM)[[A]l.
Similarly, we compute

{A (@0 + Ayn) s, Z[[{A () s, = [A{A )},

> A[[A[] = [A[M][A]] = (A = [AM)[A].-
Hence,

(A= MM < {A (@0 + Ayn) }Is, < (B+ M)A, A€ B(X,Y).

Put Sy = SQ. Then Sy : B; — B(X,Y) is a bounded linear operator such that
So({A(xy + Myn)}) = A, A € B(X,Y). Hence, ({z, + Ayn}, A, Sp) is a A-Banach
frame for B(X,Y’) with respect to Bj. O
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Recall that, a sequence {a,,} C Ris said to be positively confined if 0 < inf; <, <0 ot <
SUDP| < <00 W < 00. In the final result, we obtain a sufficient condition for the per-
turbation of A-Banach frame by a sequence of type {a,y,} (where {a,} C R be a
positively confined sequence and {y,} be a sequence in a Banach space X) to be a

A-Banach frame.

Theorem 5.3. Let ({x,}, A, S) be a A-Banach frame for B(X,Y") with respect to By
with a couple of frame bounds A and B. Let {y,} be a sequence in X and {a,} C R
be any positively confined sequence such that {A(a,y,)} € By, A € B(X,Y). Let
Q : By — By be a bounded linear operator defined by Q({A(x, + a,yn)}) = {A(z,)},
A € B(X,)Y). IfU : B(X,Y) — By is a coefficient mapping defined by U(A) =
{A(yn)}, A € B(X,Y) with |U]| < m. Then there exists a reconstruction
operator Sy : By — B(X,Y) such thati({mn + anynt, A, So) is a A-Banach frame
for B(X,Y) with respect to By and with frame bounds [A — (sup,<, ., oan)||U]|] and

[B + (SUP1 <pcoe ) [|U]]]-
Proof. Note that for each A € B(X,Y), {A(z,, + anyn)} € Ba. Now, we compute
{A(zn + anyn) His, <I{A(@R) His, + [{A () His,
<sal+ (sw_an ) 1AMl
1<n<oo
<[5+ (sw_a )10 1all
1<n<oo

Again,

{A (@ + anyn) Hiss Z[1{A @) His, = [{A(@nyn) }s,

> AlA| —( sup an)n{A(yn)}an

1<n<oo

> [A - ( sup %) HUM} 1Al
1<n<oo
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Hence, for each A € B(X,Y') we obtain

A (s )11 < 1A+ )i, < B+ (sup () 10 AL
1<n<oo 1<n<oo

Put Sy = SQ. Then Sy : By — B(X,Y) is a bounded linear operator such that

So({A(xn + anyn)}) = A, A € B(X,Y). Hence, ({x, + anyn}, A, So) is a A-Banach

frame for B(X,Y’) with respect to B, and having required frame bounds. U

6. APPLICATION

Let us now deal with an application of A-Banach frame in eigenvalue problem,
which is inspired by Theorem 5.2 in [10]. In this section, we assume that X and Y
be Banach spaces over the same field K = R, endowed with norms || - || x and || - ||y,
respectively, and recall that By = {{A(z,)} : A € B(X,Y)} ({z,} C X) be the

Banach space associated with Y.

Theorem 6.1. Let ({x,}, A, S) be a A-Banach frame for B(X,Y") with respect to B,.
Let {z:}7", be linearly independent set of vectors in X and let for each k (1 < k < m)
there exists an operator Oy € B(X,Y) such that ||Ok(x,)|ly = c,(g"), for all n € N.
If ({zn + 5 20ty c,i")zk},A, S) is a A-Banach frame for B(X,Y) with respect to By,
where X\ is any nonzero real number and S : By — B(X,Y) is a reconstruction

operator, then —\ is not an eigenvalue of the matrix

1©:1Cz)lly  192(z)lly - [[Om(20)lly
1©1(z2)lly  1O2(z2)lly - [[Om(22)ll¥

1©1(zm)lly 1O2(zm)lly -+ [[Om(zm)lly
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Proof. Assume that —\ is an eigenvalue of the given matrix. Then we have,

1©1(z0)lly +A €2z lly o [[Om(20)lly
191z)ly (1O2(22)lly A Bl |
1©1Czm)lly  1O2(zm)lly - [[Om(zm)lly + A

So, there exist scalars a; € R (i = 1,2,...,m) such that

) Y

a1]|©1(21)|ly + a2l|©2(21)|ly + - - - + anl|Om(21)|ly = — Ao

1[|©1(22)|ly + a2||O2(22) |y + - -+ + @ ||Om(22) Iy = =

a1[|©1(zm)lly + a2[O2(zm)[ly + ... + aml|On(2m)ly = —Aaum.

Now, we put A = =AY -, 0,0, Then, A is a nonzero operator in B(X,Y’) such
that

Alan) = =2 aO(,).

Thus we obtain
(6.1) Ay <A agef,
k=1
where ||Ok(z,)|ly = c yfor k=1,2,.
Further, A(zx) = =AY :0i(zk), (k =1,2,...,m), gives

(6.2) IAGOly <A all®iz)lly = —Aay.

i=1
Therefore, using (6.1) and (6.2), we obtain

et 5 357)

1= (n
<Ay + 5 YV Ay
k=1

Y
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Hence, A(z,+5 > ity Ad"z%) =0, (k=1,2,...,m). Since, {zn+3 >0 A"z} A, S)
is a A-Banach frame for B(X,Y), it follows by the A-frame inequality that A =0, a

contradiction. O

As a spacial case of Theorem 6.1, for A = 1, we have the following result:

Corollary 6.1. Let ({z,}, A, S) be a A-Banach frame for B(X,Y") with respect to B,.
Let {z:}7", be linearly independent set of vectors in X and let for each k (1 < k < m)
there exists an operator ©y € B(X,Y') such that ||Ok(z,)|ly = c,i"), for alln € N. If
{zn+> 1, c,i")zk}, A, S) is a A-Banach frame for B(X,Y') with respect to By, where
S :B; — B(X,Y) is a reconstruction operator, then —1 is not an eigenvalue of the

matrix given in Theorem 6.1.
Proof. Straight forward. O

Remark 3. If Y = K is the field of scalars, then A-Banach frame reduces to the retro
Banach frame (see remark 1), and hence, Theorem 5.2 in [10] can be retrieve by

taking Y as the field of scalars in Corollary 6.1.
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