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NON-UNIFORM WAVELET FRAMES ON LOCAL FIELDS
0. AHMAD U AND N. A. SHEIKH @

ABSTRACT. Tight wavelet frames are distinct from the orthonormal wavelets be-
cause of redundancy. By relinquishing orthonormality and permitting redundancy,
the tight wavelet frames turn out to be significantly easier to construct than the
orthonormal wavelets. In this paper, we introduce a notion of nonuniform wavelet
system on nonarchimedean local fields of positive characteristic and gave a com-
plete characterization of such systems to be tight nonuniform wavelet frames on

local fields of positive characteristic by using Fourier transforms.

1. INTRODUCTION

The concept of frames in a Hilbert space was originally introduced by Duffin and
Schaeffer [6] in the context of non-harmonic Fourier series. In signal processing, this
concept has become very useful in analyzing the completeness and stability of lin-
ear discrete signal representations. Frames did not seem to generate much interest
until the ground-breaking work of Daubechies et al. [3]. They combined the the-
ory of continuous wavelet transforms with the theory of frames to introduce wavelet
(wavelet) frames for L*(R). Since then the theory of frames began to be more widely
investigated, and now it is found to be useful in signal processing, image processing,
harmonic analysis, sampling theory, data transmission with erasures, quantum com-

puting and medicine. Today more applications of the theory of frames are found in
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diverse areas including optics, filter banks, signal detection and in the study of Bosev
spaces and Banach spaces. We refer [5, 4] for an introduction to frame theory and

its applications.

In applications, tight wavelet frames provide representations of signals and im-
ages where repetition of the representation is favored and the ideal reconstruction
property of the associated filter bank algorithm, as in the case of orthonormal wavelets

is kept.

A field K equipped with a topology is called a local field if both the additive and
multiplicative groups of K are locally compact Abelian groups. For example, any
field endowed with the discrete topology is a local field. For this reason we consider
only non-discrete fields. The local fields are essentially of two types (excluding the
connected local fields R and C). The local fields of characteristic zero include the p-
adic field Q,. Examples of local fields of positive characteristic are the Cantor dyadic
group and the Vilenkin p-groups. Even though the structures and metrics of local
fields of zero and positive characteristics are similar, their wavelet and multiresolution
analysis theory are quite different. For more details we refer to [1].

The local field K is a natural model for the structure of wavelet frame systems,
as well as a domain upon which one can construct wavelet basis functions. There is a
substantial body of work that has been concerned with the construction of wavelets
on K, or more generally, on local fields of positive characteristic. For example, Jiang
et al.[9] pointed out a method for constructing orthogonal wavelets on local field K
with a constant generating sequence and derived necessary and sufficient conditions
for a solution of the refinement equation to generate a multiresolution analysis of
L*(K). Shah and Debnath [10] have constructed tight wavelet frames on local fields

of positive characteristic using the extension principles. As far as the construction
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of wavelet frames on K via Fourier transforms is concerned, Li and Jiang [8] have

established a necessary condition and a set of sufficient conditions for the system

(1.1) {ie = PV (p7z —u(k)) : j,k € No}

to be a frame for L?(K). These studies were continued by Shah and his colleagues in

series of papers [11, 12, 13, 14, 15].

Motivated and inspired by the above work, we provide the complete characterization
of nonuniform tight wavelet frames on local fields of positive characteristic by means of
Fourier transform technique. The paper is tailored as follows. In section 2, we discuss
some basic facts about local fields of positive characteristic including the notion of
nonuniform wavelet frames on local fields of positive characteristic. In section 3, we
provide the complete characterization of nonuniform tight wavelet frames on local

fields of positive characteristic by using the machinery of Fourier transform.

2. Basic FOURIER ANALYSIS ON LOCAL FIELDS

Let K be a field and a topological space. Then K is called a local field if both K and
K* are locally compact Abelian groups, where K and K* denote the additive and
multiplicative groups of K, respectively. If K is any field and is endowed with the
discrete topology, then K is a local field. Further, if K is connected, then K is either
R or C. If K is not connected, then it is totally disconnected. Hence by a local field,
we mean a field K which is locally compact, non-discrete and totally disconnected.
The p-adic fields are examples of local fields. More details are referred to [16, 7]. In
the rest of this paper, we use N, Ny and Z to denote the sets of natural, non-negative
integers and integers, respectively.

Let K be a fixed local field. Then there is an integer ¢ = p”, where p is a fixed
prime element of K and r is a positive integer, and a norm |.| on K such that for

all r € K we have |z| > 0 and for each x € K \ {0} we get |z| = ¢* for some
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integer k. This norm is non-Archimedean, that is |z + y| < max {|z|,|y|} for all
x,y inK and |z +y| = max {|z|, |y|} whenever |z| # |y|. Let dz be the Haar measure
on the locally compact, topological group (K, +). This measure is normalized so
that [jdr = 1, where ® = {z € K : || < 1} is the ring of integers in K. Define
B = {x € K:|zx|] <1}. The set B is called the prime ideal in K. The prime ideal
in K is the unique maximal ideal in ® and hence as result 28 is both principal and
prime. Therefore, for such an ideal B in ©, we have B = (p) = pD.

Let ®* =®\ B = {xr € K : |z| =1}. Then, it is easy to verify that ©* is a group
of units in K* and if  # 0, then we may write x = p*2’, 2’ € ©*. Moreover, each
BF = phD = {x e K:|z| < q_"“} is a compact subgroup of K and usually known
as the fractional ideals of K+ (see [16]). Let U = {a;}’_, be any fixed full set of coset
representatives of B in ®, then every element x € K can be expressed uniquely as
x =Y 0. cp with ¢, € U. Let x be a fixed character on K™ that is trivial on D
but is non-trivial on B~!. Therefore, y is constant on cosets of ® so if y € B*, then
xy(z) = x(yz),z € K. Suppose that y, is any character on KT, then clearly the
restriction x,|® is also a character on ®. Therefore, if {u(n) : n € Ny} is a complete
list of distinct coset representative of © in K, then it is proved in [19] that the set
{Xu(n) 'n e NO} of distinct characters on ® is a complete orthonormal system on ©.
Since ®/B = GF(q) =
I, where GF(q) is a c-dimensional vector space over the field GF(p)(see [16]). We

We now impose a natural order on the sequence {u(n)}, .-

choose a set {1 =¢€g,€1,€9,...,€6c_1 C D such that span{l = €y, €1, €9, ..., €01} =

GF(q). For n € Ny such that
0<n<gq n=ay+ap+..+a1p° " 0<a,<p and k=0,1,....c— 1,
we define

(21) u(n) = (CLO +aj€e; + ...+ 0@7166,1))371.



NON-UNIFORM WAVELET FRAMES ON LOCAL FIELDS 55

Also, for n = by + b1qg+ ... + bsq®,n >0, 0 < b, < q, we set
u(n) = u(bo) +p~ u(br) + ... +p~u(by).
Then, it is easy to verify that (see [16])
{u(k) : k € No} = {—u(k) : k € No},{u(k) +u(l) : k € No} = {u(k) : k € No}, for ¢ € Ny

and u(n) = 0 < n = 0. Further, hereafter we will denote Xu@m) by xn,n > 0. We
also denote the test function space on K by 2, i.e., each function f in €2 is a finite
linear combination of functions of the form 1(z — h),h € K,k € Z, where 1; is the
characteristic function of B*. Then, it is clear that Q is dense in LP(K),1 < p < oo,
and each function in €2 is of compact support and so is its Fourier transform.

The Fourier transform of a function f € L'(K) is defined by

fi6) = [ re) oy
Note that
fo = [ sxe@ite= [ j@x(-gos
The properties of the Fourier transform on the local field K are quite similar to those

of the Fourier analysis on the real line [16, 7]. In particular, if f € L'(K) N L*(K),
then f € L?*(K) and

11l = 1/l

The following are the standard definitions of frames in Hilbert spaces.
Definition 2.1 A sequence {fy : k € Z} of elements of a Hilbert space H is called a

frame for H if there exist constants A, B > 0 such that

AlIfFIE < I 1P < B 1]

keZ
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holds for every f € H, and we call the optimal constants A and B the lower frame
bound and the upper frame bound, respectively. A tight frame refers to the case

when A = B, and a Parseval frame refers to the case when A = B = 1.

Given an integer N > 1 and an odd integer r with 1 <r < ¢qN — 1,7 and N are

relatively prime, we consider the translation set A as

A:{O,M}+zz{“(T)kJru(n):neNO,k:(u}

N N

It is easy to verify that A is not necessarily a group nor a uniform discrete set, but is

the union of Z and a translate of Z.
For a given ¢ € L*(K), define the nonuniform wavelet (wavelet) system
(2.2) 1WWJA%=&%M:@NWWﬂﬁ”W%—A%jEZAGA}

On taking Fourier transform, the system (2.2) can be rewritten as

(2.3) Dia(€) = (@N) PO (7 N) T i ((pN) ).

We call the wavelet system W(1, 7, A) a nonuniform wavelet(or wavelet) frame for

L*(K), if there exist constants A and B,0 < A < B < oo such that for all f € L*(K)

(2.4) Al Il <SS KA vl < Bl

J€Z AeA

The largest constant A and the smallest constant B satisfying (2.4) are called the
lower and upper wavelet frame bound, respectively. A nonuniform wavelet frame is a
tight nonuniform wavelet frame if A and B are chosen so that A = B and the nonuni-

form wavelet frame is called a Parseval nonuniform wavelet frameif A =B =1, i.e.,
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(2.5) S UL =112 Y f € LP(K)

JEZ NEA

and in this case, every function f € L?(K) can be written as

= Z Z<f7 Vin)Vix(T)

JEZ AEA

Since Q is dense in L?*(K) and closed under the Fourier transform, the set

Q0 = {f € Q:supprK\{O}}

is also dense in L?(K). Therefore, it is sufficient to verify that the system W(1, j, \)
given by (2.2) is a frame and tight frame for L?(K) if (2.4) and (2.5) hold for all
f el

3. CHARACTERIZATION OF NONUNIFORM TIGHT WAVELET FRAMES ON L?(K)

In order to prove the main result to be presented in this section, we need the following

lemma whose proof can be found in [16].

Lemma 3.1 Let f € Q° and ¢ be in L*(K). If

ess sup{z W (P 'N)TTE) P ¢ e %1\9} < 00
JEZL
then

CEIND S SITEON sy MGl

JEZ NEA

J (07 NI de + Ry()
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<=

Ry(f) = /Kf(é)@/?( (p~'N)” {Z (™ N) u(0)) ((p‘lN)‘j£+U(€))}dé

=> Z / FEOT ((p"N)E) f (€ + (0 NYu(0) ¢ (7 N) € + u(0))de.

JEZ £=0

Furthermore, the iterated series in (3.2) is absolutely convergent.

The L.H.S of (3.1) converges for all f € Q°if and only if )., [ ((p~ N)~7¢) |2 is
locally integrable in K\UjezE§, where Ej is the set of regular points of ¢ (p~t1N)7%¢) |2,

which means that for each « € F;, we have

N [ (7N e 1 (6 N) ) P s o

where €" = {z € K : |z| < (¢N)™"}. Then [Ef| =0 . Thus |, £ = 0.

Now we state and prove our main result concerning the characterization of the wavelet

system W(4, j, A) given by (2.2) to be tight frame for L*(K).

Theorem 3.2 The wavelet system W(1, j, \) given by (2.2) is a tight nonuniform
wavelet frame for L*(K) if and only if 1 satisfies

(33 S Jd (V)| D
and
(3.4)

Z w (p~'N)~ @/) (P~ IN)I(€ +u(m))) =0, for a.e. £ € € N\D,0<m < gN—1.

JENp
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Proof Define

= D (7 NFE) U (7 N)F(E + u(m).

keNy

Assume f € QY then for each ¢ € N, there exists ¥ € Ny and a unique 0 < m <
gN — 1 such that £ = (¢gN)*m. Thus, by virtue of (2.1) we have that {u(f)},en =
{(p7*N)*u(m) : k € N,0 < m < gN — 1}. Since the series in (3.2) is absolutely

convergent, we can estimate Ry(f) as follows:

) =X [ Fen e {Zf (€ -+ (b7 NYul) @((p—lm—mu(z»} %

JEZ £eN

- [T 39 | T e 6 o)

JEL k€eNg m=0

X3 ((pLN) I + (pLN)Fu(m) | dg

- [T S S e ) b 5t

X0 (p=IN) =€ + (p=IN)Fu(m) | d

gN—1
- [TO{SY Fler o mm) i (040
j€Z m=0 keNg

Xt (p~ N)F ((p~ )€ + u(m)) } d

gN—1

/ {22f5+ (p "N u(m)) ty(u(m), (p"N) Jf)}é

JEZ m=0
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Let us collect the results we have obtained: If ¢ € L?(K) and f € Q°, then
(3:5)

SOS g /|f OS5 (571 V) 7€) Pe

JEZ NEA JEZ

+ /K FOST S F €+ 0 N)u(m)) ty(u(m), (57 N)€)de.

JEZ m=0

The last integrand is integrable and so is the first when JGZ W (p~IN)7¢) }2 is

locally integrable in K\ Ujez E. Further, equation (3.4) implies that
ty(u(m),&) =0forall 0 <m <¢gN —1.

On Combining (3.5) together with (3.3) and (3.4), we obtain

SIS TR = I3 Y e Q.

JEZ AEA

Since QY is dense in L?(K), hence the wavelet system W (v, 7, \) given by (2.2) is a

tight nonuniform wavelet frame for L?*(K).

Conversely, suppose that the system W(v, j, \) given by (2.2) is a tight nonuni-
form wavelet frame for L?(K), then we need to show that the two equations (3.3)
and (3.4) are satisfied. Since {¢;\(z) : j € Z, X € A} is a tight nonuniform wavelet

frame for L?(K), then we have

(3.6) S WL =113V f e

JEL NeA
Since >,y b ((p~'N) 7€) |? is locally integrable in K\ Ujez, E¢. Therefore, for each

o € K\ Ujez B, we consider

~

fi1(€) = (aN) T 1 (€ — &)
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where f = f; and 1,;(£ —&p) is the characteristic function of o +C*. Then, it follows
that for 0 < £ < gN —1, f(&)f(E+ (p~ N)u(l)) = 0, since & and £+ (p~1N)Fu(l)

cannot be in & + €M simultaneously and hence, ||fi|3 = 1. Furthermore, we have

= 1115
= 1415

=> D WSl

JEZ NEA

-/ S i (713 % )| de+ Ru(h)
50+€M ;
By letting M — oo, we obtain

(3.7 1= 3]0 (M) Te)| + lm Ru(h)

jET

Now, we proceed to estimate Ry (f1) as

»(f1) Z/ FE©D ((p7'N)~ {Zfl £+ (p ())q/}((plN)j§+u(£))}d§

JEZL LeN

Rl <X [

JEZ LeN

FH€ (P~ N) 7€) fu (€ + (57" NYu(0) & (b7 )¢ + u(D)) | de

=SS [ ANV (5 NP+ 0l) G5 €+ u(o)) de

JEZ LeN

Note that
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Therefore, we have

(3:8) [Ro(f)l <D D (aNY /K

jEZ (€N

£ (07 NYE) Fi (7N (€ + u(0)) 16| de.

Since u(f) # 0, (¢ € N) and f; € Q°, there exists a constant J > 0 such that
A" NYE) i (07 NYE+ (p ' NYu(0)) =0, Y [j] > J.
On the other hand, for each |j| < J, there exists a constant L such that
A NYt+ (p ' NYu(e)) =0, V £ > L.

This means that only finite terms of the series on the R.H.S of (3.8) are non-zero.

Consequently, there exits a constant C' such that

[Ry(f)] < CIAILIDN = ClaN)™ 413
which implies
T [Ry(f)] = 0.

Hence equation (3.7) becomes

2
=1.

S| (V) g)

JEZ

Finally, we must show that if (3.6) hold for all f € Q°, then equation (3.4) is true.
From equalities (3.5), (3.6) and just established equality (3.3), we have

Sy / FOF (€ + (0~ N u(m)) ty(u(m), ()" NYE)de = 0, ¥ f € Q.

By invoking polarization identity, we then have

(3.9)

gN—1

> /K F©)g (+ (p7"NYu(m)) ty(u(m), (p~'N) 7€) de =0,V f,g € Q.

JEZ m=0
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Let us fix mg € {0,1,2,--- ,gN — 1} and & € K\ Ujez Ef such that neither § # 0
nor & + u(mg) # 0. Setting f = f; and g = g1 such that

A

F1(€) = (aN) T 1(€ — &) and §1(€) = f1(€ — u(mo)).

Then, we have

A~

(3.10) F1(€)1(& + u(ma)) = (aN)M1a (€ — &)

Now, equality (3.9) can be written as

0=(@N)" [ tolutmo). )i + 1

where
G11)  L=3 % [ €0 (6 + (57 Nputon)) tufutm), (57 N) e
(J]Ziégﬂ?o)

Since the first summand in (3.11) tends to £, (u(my), &) as M — oco. Therefore, we
shall prove that

M—oo

Since u(m) # 0, (m € N) and fy, g; € Q°, there exists a constant Jy > 0 such that

A a1 (€+ "Ny u(m)) =0V j > J.

Therefore, we have

h=3 z | e P~ N u(m) t (u(m), (o~ N) €)de
<3 " @ [ (R V1€ (7 Y+ ()| (utm). )] .
Since
2ty (ulm), ) < 310 (07N P+ 3 [ (07 Ve + ()]

keNg keNg
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hence
in <1V + 17

where

gN—1 . '

1 =3 3 @V [ [fe vy LN)Y (€ + ulm))) | [r(€)]de,
1<Jo m=0

with

Jreras=5 3 [ Ji (e de= 1018 < .

K keN
and

gN—-1

N

i<Jo m=0

e N 1 (7 N (€ + u(m)) | [7(€ + u(m) dg

gN—1

(aNy i Si((

b~ NY (= u(m)| | (6 N)Pn) | [ (n) 2.

j<Jo m=0

1)

Thus [ 1(2) has the same form as [ 1( with the roles of fl and ¢; interchanged. As

f1(€) = (aN) % 1 (€ — &),

therefore, we deduce that

gN—1

=Y Y@t [ (7 N utm) e

j<Jo m=0
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Now, if g1 ((p7*N)? (€ + u(m))) # 0, then we must have (p~IN)/¢ + (p~N)u(m) €
Eo + €M + u(mp) and [(p~'N)Yu(m)| < (¢N)™™ hence |u(m)| < (¢gN)=™~7. Thus,
(3.12)

10 =3 (gNy(gN) ¥ / Py

§<Jo (p=IN)igo+EI+M

91 (™' N (€ + u(m)))| d&

<Savem? [ Ir(€)2(aN) 7 (qN) ¥ de

e (= Ny ot

2
<3 /MWMMW] "

Ji<Jo

For given &, # 0, we choose
(aN)™ < |&| = (gN)™M.
Then, we obtain
(3.13) (pINY g+ @M c gt My 5 < gy

as |(p7IN) &| = (gN) (gN)™ < ¢o(¢N)™ and €¢7TM < ¢=/o+M  On the other

hand, for any j; < j» < Jy, we claim that
(3.14) {(p7IN)1& + € N {(pTIN)PE + €} =0,

In fact, for any x € (p7IN)1& + €M and y € (p~IN)2& + €=M write
z = (pIN)& + z1 and y = (p~'N)2&) + yi, then |z — y| = max{|(p~*N)"*& —
(p~IN)2&|, |v1 — 1|} = (gN)2~™ £ 0. implies that (3.14) holds. Combining (3.12)
- (3.14), we obtain

1< / [7(€)]2dé — 0 as M — oc.
¢—Jo+M

This completes the proof of the theorem.
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Example 3.3 Let

lzeD, (gN) 'z ec,
Yi(z) = and 1y (z) =
0z ¢D, 0z¢et

Setting ¥(z) = 11 () — ¥s(z). Since ¥1(§) = 11 (€) and

. lzecd,
Pa(§) =
0x¢c.
Therefore, we have
. lzec \D,
() =

0 otherwise.

Now, for & # 0, we see that

and since (p~'N)7¢ and (p~'N)/ (£ + u(m)) cannot be in € '\D simultaneously.

Therefore,

S "G (0 NYE) & ((pINY(E + ul(m))) = 0.

Jj=0
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