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HOLOMORPHIC FUNCTIONS OF SEVERAL COMPLEX
VARIABLES

CHAHRAZED HARRAT () AND BACHIR DJEBBAR @

ABSTRACT. The aim of this paper is to give some results on the generalization of

theorem the Guelfond .

1. INTRODUCTION AND RESULTS

In 1914 G.Polya show that the entire function f of a complex variable, with f(N) C

Z and lim,_, sup(log|f|, /r) < log2 is necessarily a polynom.

F.Gramain [7] presente the situation in 1988 an attempt of the same kind: how
to show by a method of transcendence, a result obtained in 1933 by A.O.Guelfond
on entire functions taking integer values in all points of a geometric progression,
like the previous multiplicative additive problem (see[6] theorem VIII). On the other
hand, the same type of results for entire functions of several variables were obtained
by P.Bundschuh1980 and J.P.Bézivin 1983 the first uses Newton interpolation series
in several variables and the second linear récurentes suites. J.P.Bézivin[l] in 1984

studied a multivariate generalization of a result the Guelfond. Tanguy Rivoal and
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Michael Welter [11] have found the following result: let ' be a holomorphic func-
tion on {z eCY: R(z)>0,j=1,.., d} , suppose that the following conditions are
satisfied,

(i) F(NY) C Z.

(77) There are real ¢ > 0, > 0 and (3 such that we have for all z satisfying
R(zj) >0:

d elzil¥(0;) —T T
F(z) < biel5g
|F(2)| _ch:1 BT Y €53l

W(0;) = cos(0;) log(2 cos(8;)) + 0; sin(0;),

so if % - [A<a< % , the function F'is a polynom with rational coefficients.
B.Djebbar [3] says That a entire harmonic function A on C the exponential type
T < T.
If h(z) =0, for z =0,1,2......, and h(z) = h(Z), then h=0.
It was proven in [5] that if U an entire separately harmonic functions on R such
that:
JA >0 suchthat Ma(U,r) < Aexp(or), Yr >0

and if o < log 2, then U is a polynom.

Where for any complete bounded domain A of center 0 in CV, Ma (f,r) =
sup |f (2)].

zer.A

2. DEFINITIONS AND PROPERTIES

2.1. Order and type of an entire function. Let x : [0, +oo[ — [0, +o0o[U
{+0o0} be an increasing function. We define the growth order p(y) of x by the

formula :
log x ()

= i A
o (x) msup —
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if x is of finite order, (0 < o (x) < o©) the growth type o (x) is defined by :

o (x) = limsup x(r)

r—00 r

For any entire function f on C¥, the N-growth of f is defined by the growth of
the function x (r) = log"™ My (f,r) where N is a norm on C¥ and My (f,r) =
sup |f (z)|. For any complete bounded domain A of center 0 in CV | the A—growth
N(z)<r

of fis defined by the growth of the function x (r) = log* Ma (f,r) where Ma (f,7) =

sup |f (2)] .(see [15] for more detail)
zer.A

2.2. Holomorphic function. In complex analysis, a holomorphic function is a complex-
valued function defined and differentiable at every point of an open subset of the

complex plane C.

2.3. Arithmetic function. Let f be an entire function on C . f is said to be

arithmetic if for each non negative integer n , f(n) is an integre.

2.4. Residue. In complex analysis, the residue is a complex number which describes
the behavior of the line integral of a holomorphic function in the neighborhood of a
singularity. The residuals are calculated quite easily and, once known, can calculate

more complicated curvilinear integrals with the residue theorem.

2.5. Theorem of residue. Let U an open simply connected subset of the complex
plane C {z1, .., 25} a set of points U, separate and isolated, and f a function defined
and holomorphic on U\ {z1, .., 22} .

If Vis a rectifiable curve in U which meets no singular points z;, and whose starting

point to the end point then:

/ f(2)dz = 2mi i Res(f, zi) Indy(zx)
v k=1
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where

1 d
]ndv(zk) = —/ :
v

2mi Jo 2 — 2k

3. THEOREM OF GUELFOND

Theorem 3.1. [6] Let g(z) an entire function, and if the g(5™) are integers, n =
1,2,3..., (6 > 1, integer), if g(z) verifies :

In’r 1
4?11; -5 Inr —w(r), r=|z| ,rgrfoow(r) = 00,

then g(2) is a polynom.

Infg(2)] <

To prove this theorem we must show that the quantity:

1 —1t")...(1 —t"Fk)
(1 —1)...(1 — th+1)

Pr) =

avec: n >k

is a polynom in ¢ with integer rational coefficients.

Proof. We put :
I = (1 —t)..(1 — 1),
a) t = 1 is a root of I} with the order of multiplicity k + 1.
b) ¢ = exp(2mi?) is a root of (1 —¢7), (1 — 29, ..., (1 — t29),

p and ¢ have no common divisor
when:

0<p<qg<k+l1,
with
1 k+1
1§qu§k+1:>—§a§i.
q q

Or the order of the plurality of root exp(27rz'§) is a = [%} , then the root of the

polynom [, are of type exp(2m’§) with multiplicity equal to the order [%} .

We denote the polynom:(1 — ")...(1 — t"*) by I,,_; with n >k,

a) t = 11is a root of I,,_pwith the order of multiplicity k + 1.
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b) t = exp(27i?) is a root of (1 —t9), (1 — %), ..., (1 — t77),

p and ¢ have no common divisor
when

0<p<q<k+1,
with
n—=k
q

n+1
q

<

n—k<pg<n= <pB<

3

;(n > k).

Or = [”TH} the order of the multiplicity of root exp(2miZ).

Then Ijy1 and I,_; are polynoms with roots type exp(27ri§) was the order of
multiplicity equal [%} of Ixy1, and [”T“}of L, k.

I} divided I, g, with [%} (the order of the multiplicity of roots of polynom

Iiiq) < [”TH] ( the order of the multiplicity of roots of polynom I,, ).

Then

non (1=t (1=t
="y e

i(n>k),

is a polynom, with coefficien are integers because the coefficient of the highest degree

of the denominator ((1 —t)...(1 — t**1)) equal to unity. O

4. HOLOMORPHIC FUNCTIONS WITH COMPLEX VARIABLES

Theorem 4.1. Let g an holomorphic function on C?, with g(8", 3™) are integers,

Vn,m € N (B, integer greater than unity) and g(z1, z9) verifies the inequality:

n?rry 1
— —Inriry — w(ry, r),

In | g(z1,2) |< m 5

or

T1:|21|,T2=|22|, . lim w(h,rg):oo.
min(ry,r2)—+o00

Then g is a polynom.
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Proof. since g(z1, z3) verified the condition:

Inrry 1
— —Inriry — w(ry, r),

41n g 2

In | g(z1,22) |<

therefore

9(z1,2) = Y Y Apml(z1 = 8)(z1 = ). (21 = 8") (22 — B) (22 — 57)...(22 — B™),

n=0 m=0

Or

1 9(=1, 22) 1ds
Ann = oripe / / o D)o — ) (e — ) (2 — B) (22— ) — ) 102

Take as an integration contour :| z; |= 5%, | 25 |= 3*™ after inequality the Cauchy

with two variables :

B2 maxo<g, gy<2n | 9(67" exp 0y, 2™ exp iby) |

| An,m |§ n+1 m+1
[T (g2 = 6% 11 (B> = 37)
k=1 j=1

| A | < RO G exp(—w (67, 571)),

but
B 1 9(21, 22)

Anm = (2i)? /cn /cm (21 = B) (21 = 07)-.(21 = B7F1) (22 — B) (22 — 3?)...(22 — ﬁm+1)d21d22
- L L 9(21, 22) =
o 2mi Cn(27m' /Cm (20 = B)(22 — ?)..(22 — ﬁerl)dZQ) (21 = O)(z1 = B2).o(z0 = 51

oL =
(4.1) Ann = 271 ., Fla) (21 = B)(21 = 7).z — B 1)
with

B L 9(21,22) P
(4.2) F(Zl> - i /;m (22 — ﬁ)(zQ — 52)(22 - ﬁm+1)d >
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On the other hand the integral giving A, ,, equals some residues of the function

F(z).

n+1 F(3°
(4.3) Apn = Z W&
- )
i
from (4.2)
F(p®) = ! 95, z) dzp,1 <s<n+1

% em (2’2 - ﬁ)(ZQ - 52)"‘(22 - ﬁmH)
for fized s : F(B°) =

L G(Zg)
27 J,,, (22— B)(22 — ?)...(22 — ™)

with : g(B°, z2) = G(22)

G(z2) = Z bm (22 — B) (22 — 5°)...(z2 — 6™)

m=0
1 G(#2)

Ll A ey oy ey T R

or : b

then
F(3%) = by, .

The integral giving b,, equals Some residues of the function G(z5)

m+1 G(ﬁk)
b = D

=T )
o
m+1
3, 6"
b = ZmJ;ql( )
=T )
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m+1 s
(4.4) Zmﬂﬁ ) (1<s<n+1)
=1 T (6% = p7)
17k
replaces (4.4) in (4.3)

n+1 F(3°
po = SO _FOY
= =)

57&]
m+l _ g(8°,6%)
k=1 m+41
H (BF—p")
n+1 ;ék
An,m - Z n+1
= - )
j=1
s#j
n+1 m—+1 s
A - (3, 8%)
nm. n+1 m+1 ’
=T (- 9 T1 (3 - )
j=1 r=1
s#j r#k

Then A, ,, is an integer, which implies that all A, ,, vanish for large rank.

Therefore ¢ is a polynom. ([l

In general this can résulat for holomrphes functions has several complex variables.

Theorem 4.2. Let g an holomorphic function on C,
with: g(B™, ..., ") are integers,¥ny,..,ng € N4(3,integer greater than unity),
and g(z1, 22, ..., zq) verifies the inequality:

n?riry.ry 1

ln|g(21,22,...,2d) |< 4lnﬁ _5

Inrire..rg —w(ry, ro, ..., 7q)

or

ri=\zl,i=1,...,d, lim w(r1, T2, .0y Tq) = 0O.
min(ry,ra,...,rq)——+00
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Then g is a polynom.

Proof. Since

In?riry.ry 1
———— — —Inmry..rg — w(ry, ro, . Ta),

1 <
n|g(217227 ,Zd) | 41115 2

therefore
921,22 2a) = Y e Y Anng(21 = B)(z1 — B)e(21 — BM).
n1=0 ng=0
(za — B)(za — B%)...(z4 — "),
or

1
e
v = ),
g(z1, 22, vy 2q) dz1...d2zg

(21 = O) (21 = B%)o(z1 = B"F). (20 = B) (20 = 52)-. (20 = fat)

1 1
Ansrng = (2r1) /Cnl((m)d—l /

2

9(z1, 29, ..., 2q)d2o....d2g

d
/cnd (z1 — B) (21 — B?)...(z1 — B HY)o(zq — B) (24 — £?)...(24 — ﬁ”d“)) A
— 1 F(z) d 4l -
N ) / = B (o1 — ) (a — ) i
I3 B 1
@7 Gy
/ / 9(z1, 22, vy 2q)d2o....d2g
eny  Jen, (22— B)(22 = ?)..(22 = B271)..(2a — B)(2a — %)..(2a — ")
A, ., equals some residues of the function F'(z)
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ni+1 s
(45) An1 ..... ng — %,1 SS Snl—}-l,
s=1 (ﬁs _ ﬁ])
j=1
s#j
or
o 1
F(p) = L
/ / 9(55’22’ ---,Zd)ng....dZd
Cny (22 — (2)...(20 — B2t (2q — B)(2a — B?)...(2g — fratl)’
(1 < s<n+1)
for fixed s :
s\ __ 1 G(ZQ,...,Zd)dZQ....dZd
FO) = G | B P - P B = B
with
g(ﬁs, 29y eeny Zd) = G(ZQ, ceey Zd)
Gl za) = 3 oo D bugna(22=B) (22— ). (22— 5")... (20— B) (2a—2)...(2a—B"),
no=0 ng=0
or

B 1 G(22y .y 24)d2o....d24

brsveina = (g /CM (22— B)(22 — ) (22 — B")..(24 — ) (24 — B2)--(2a — BPaT1)

then

F(ﬁs) = bnz,--,nd :
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The integral giving b,, ., equals some residues of the function G(z, ..., z4)

no+1

G(ﬁka 23y eeey Zd)
busna = D
=T - )
"k
natl s Rk
s g(ﬁ aﬁ ,Zg,...,Zd)
F(ﬁ ) - Z nao+1 )
=R RCED
"7k
from (4.5)
n1+1no+1 s ok
g(ﬁ 75 3 Z3y eeny Zd)
Anl ..... nd:ZanJrl P ,1§k§n2—|—1

=T (- ) T - )

r=1 j=1
r7k s#j

for fixed s and k

1 1
Tyeers d (27_”)2 /cn1 /CnQ((Qﬂ_Z)d_Q /;nB

g(21, 22, ..y 24)d23....d24

) / G = B = )1 — ) = B) a = P onlea = o) 12
1
F(21a22) = W/cns
/ g(21, 22, vy 24)d23....d24
o, Go = BB = ) (25 — 5%57). (20— B) (20 — %) (20 — 57071)

1
Aning = 753 |
bt (27i)? /Cn1
F(ZhZQ)

) /cn2 (21— B)(z1 — B2)...(z1 — B+ (2 — B) (22 — B2)...(25 — ﬁn2+1))d2’1d22

Ap, ...n, equals some residues of the function F'(zy, 22),
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ni+1no+1
F(p*, 3% lsssm+l
(46)  Amewa= D D 7 o ’ |

e VR | R I G,
2 =

or

(58 ")
_ / / (8%, 8, ..., 2g)dzs....dzg |

(2mi)2 eny (28— B)(23 = 7).z — B"+1)...(20 — B)(2a = B?)...(2a — fa*)
with

1<s<n;+1
{ 1<k<ny+1 } '

For s and k

(ﬁs ")

— / / G(Zg, s )ng....dZd
27T’l en 2’3 — 23 — 52) ( — ﬁ"3+1)...(zd — ﬁ)(zd — ﬁz)...(zd — ﬁndJrl)

d

with

g(0°, G* 2, zq) = G(23, ..., 2q)

Gz, - ZO Zobng ny(23=B3) (28— 02)...(22—=3")...(2a—B) (24— 5?) .. (2a— B,

or

Dy = #/ / G2, ., 2)d2....d2g
SN 07 73 Ll Cny (22 — B) (22 — B2)...(22 — B1). (24 — B) (24 — B2)...(2q — BratT)
then
F(B°,8%) = b,y -
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The integral giving b,, ., equals some residues of the function G(zs, ..., z4)

_ ”f G(B°, 24, .oy 2a)

ns, d nz+1
SR CEED
cAm
nz+1 k Aac
s 9(5575 aﬁ)za“')zd)
(3,85 = 3 LI
= e
c;ﬁm
From (4.6)
ZJF ZJF Z+ g(3%, 8%, 3% 24, ..., 24) I<s<n+1
----- 1+1 na+1 nz+1 ’
= S (e - ) [T (9 =) T (e —pm) (TS kst
JS;J k#] cCsZm
then for fized all the s; (1 <i<d—-1,1<s;<mn;+1)

n1+1no+1 ng+1 (581 552 ﬁsd)

A _2 : 2 : 2 : g ) PERES)
TLyeeesTd h ni+1 na+1 ng+1

s1=1 so=1 sq=1 H (ﬁ:?l _ ﬁj) H (552 _ ﬁl) H (ﬁsd _ ﬁm)

= sq=1
81 7'5] 32#] sq#Em

An, .. g is an integer,which implies that all A, ., vanish for large rank.

Therefore ¢ is a polynom. U

Corollary 4.1. Let F the holomorphic function on C | such that F(8™, ..., 8% are
integers,Vni, ...,nqg € N3, integer greater than unity),
and F(z1, 29, ..., zq) satisfies the inequality:

In?riry.ry 1

Y — ilnrlrg...rd—w(rl,rg,...,rd)

In | F(z1, 22, ..., 20) |<

or

ri=\zl,i=1,...,d, lim w(ry, T2, .0y Tq) = 00.
min(ry,ra,...,rq)——+00
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If F(NY) =0, then F=0 onC®.

Proof. For Theorem (4.2) , F is a polynom and F(N?) = 0 , therefore all the coeffi-

cients of polynom are zero.

Then F =0 on C<. ]

1]

2]

3]

[4]

[5]

=
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