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COMPUTING INTERSECTIONS, DUAL AND DIVISORIAL
CLOSURE OF IDEALS IN A CLASS OF RINGS

S. U. REHMAN () AND N. SIDDIQUE (®

ABSTRACT. Let D be an integral domain, X an indeterminate over D and let n be
a positive integer. The set {ag + a1 X" + asX? + -+ -a, X" | a; € D} is a subrings
of D[X] denoted by D + X" D[X]. This class of subrings is studied in [1] for n = 2.
In this article we find explicit formulas to compute finite intersections, dual and

divisorial closure of monomial ideals of D + X" D[X].

1. INTRODUCTION

Let D be an integral domain with quotient field K. A D-submodule J of K is
called a fractional ideal of D if there exist 0 # a € D such that aJ C D. For a
nonzero fractional ideal J of D, the fractional ideal D : J = {z € K | 2J C D} is
called dual of J denoted by J~!, since it is isomorphic as a D-module to Homp(J, D).
The dual J~! is not generally a subring of K (or we can say that J~! is not generally
an overrig of D). A natural question about the dual of an ideal has been studied in
[3, Section 3.1], i.e., when is the dual of an ideal an overring? The fractional ideal
Jy=(J Yt =(D:(D:J))is called v-closure or divisorial closure of J. If J = J,
then J is called v-ideal or divisorial ideal. Many applications to multiplicative ideal

theory can be derived from divisoriality. The map J +— J, is a star operation called
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v-operation. A reader in need of a quick review of star operations may consult sec-

tions 32 and 34 of Gilmer’s book [2].

Let X be an indeterminate over K. If D # K then the ring D[X] must have
some non-principal ideals. However, if D is a PID, the ideals generated by non-
constant monomials in D[X] are principal, and hence their intersections, dual and
divisorial closure is principal and can be easily computed. Such type of ideals are
not always principal in a subring D + X" D[X] of D[X] for n > 1. Note that for
n > 1, D + X™D[X] is not integrally closed and hence it cannot be a GCD do-
main. Therefore, the finite intersection of principal ideals need not be principal
for n > 1. For instance, (X?) N (X*) = (X*) in D[X], (X?) N (X*) = (X5 X7)
in D+ X?D[X] and (X?) N (X*) = (X", X% X?) in D + X3D[X]. Moreover, in
D + X?D[X], (X*, X%) ™' = &(X?% X?) and (X* X%), = (X* XP). Similarly, in
D + X3D[X], (X%, X5~ = L(X3 X1, X5) and (X*, X°), = (X3, X X5). Note
that the results varies by varying the values of n and it is not an easy job to compute
the intersections, the dual and the divisorial closure for arbitrary large values of n.
It appeals us to find some explicit formulas to compute the intersections, the dual

and the divisorial closure of monomial ideals in D + X" D[X].

We obtain following results for the ring D + X"D[X]. If n < [ < m are pos-
itive integers, then (Xl) N (Xm) = (Xm) for m — 1 > n and (Xl) N (Xm) =
(Xm+",Xm+("+1),...,Xm+(2”*1)) for m — 1 < n (Theorem 2.1). If n < A\ < Ay <

- < Ap_1 < A are positive integers, then (X)‘l) N (X’\Q) N---N (X’\k) = (X’\k)
for A\, — Ap_1 > n and (X)‘l) N (X’\Q) N---N (X’\k) = X . (X",X"H, ...,XQn*l)
for Ay — Ak—1 < n (Theorem 2.2). If n < A\ < Ay < -+ < A1 < A are pos-
itive integers, such that Ao — A\y < n, and [ = (X)‘l,X)‘Q,...,X)‘k) be an ideal

in R = D +X”D[X]’ then 17! = X1>‘1 . (Xn,XnJrl,...,inil) and Iv = ))(();11 ’
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(Xn, X LX) = (XA XM XY (Theorem 2.3). If D is a GCD
domain and n < Ay < Ay are positive integers, then (aX*') N (bX*?) = (IX*2) for
Ao — A = nand (aXM) N (bX72) = XA (X, X" X270 for A — Ay < n,
where a,b € D and [ = lem(a,b)(Theorem 2.4). If D is a GCD domain and
n <A\ < A < - < M1 < A\ are positive integers, then (alXAl) N (agX)‘Q) N
<N (akX)‘k) = (ZX)"C) for Ay — A1 > n and (alX)‘l) N (agX)‘Q) N---N (akXA’“) =
IXM (X7 X X2 for Ay — M1 < n, where ag,aa,...,ap € D and | =
lem(ay, ag, ..., ag) (Theorem 2.5). If D is a GCD domain, n < A\j < Ay <+ -+ < A\pg <
Ak, are positive integers, such that Ay — A1 < n, and I = (a1 XM, aa X2, ..., 4 X )
is an ideal in R = D + X"D[X], then [7! = —LZ _ . (X",X"H,...,X%*l)

arag--ap X
and [, = @z (yn o xmdl O x2nel) o ez (XL ke,
where ay,as,...,a; € D and L = lem(agag - - - ag, a1asay -« - g, ..., a1az - - - ag_1) (The-
orem 2.6). If Dis PID, n < A < Ay < -+ < A1 < A are positive inte-
gers, such that A\, — A\y_1 < n, and [ = (alX)‘l,agX’\Q,...,akX)‘k) is an ideal in

R = D + X"D[X], then 7! = L . (X",X"“,...,in*l) and I, =

T ged(ar,a2,...,a5) XM

gcd(ay, ag, ..., a) - (X",X"“, ...,XQn*l), where aq, ay, ...,a; € D (Corollary 2.1).
Throughout this paper all rings are (commutative unitary) integral domains. Any

unexplained material is standard as in [2] and [4].

2. MAIN RESULTS

Theorem 2.1. Suppose that n <1 < m are positive integers. Then the intersection

of the ideals (X') and (X™) in the ring D + X"D[X] is given by:

(Xm), fm—1>n;
(1) 7 (x7) =

(Xmtn, Xmtet) X)) Cifm— 1 <n
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Proof. Case 1. If m — [ > n: Since X™~! € D+X"D|[X], we can write X™ = X! X™~,
Therefore (X™) C (X') and hence (X') N (X™) = (X™).

Case 2. If m — 1 < n: Since m — [ +n+t > n for every integer ¢t > 0, we can write

Xmtntt) — xLxm=l4n4t for every integer t > 0. Also X+ = X™ X"+ for every
integer ¢ > 0. Therefore, X™*+" X+t xm+Cn=1) ¢ (X!) N (X™) and hence
(Xm-‘,—n, Xm—f—(n-i—l)’ . Xm+(2n—1)) C (Xl) N (Xm)
Let f € (Xl) N (Xm) Then f € (Xl) and f € (Xm) Therefore, form — 1 = X < n,
and a,a;,b,b; € D, we have
f :Xl(a—i— CL()Xn +a1Xn+1 N a)\Xn-i-A + CL>\+1Xn+(>\+1) NS
aan—I—n + anJran—I—(n-i-l) 4ot CLka)
(2.1)
:Xm(b+ bOXn + lenJrl I b)\XnJr/\ + b,\+1Xn+(/\+1) 4ot
by X" 4 by XD o p, X,

This implies that

f —aX!'+ aOXl-‘rn + ale+(n+1) 4+t a}\Xl-i-n-i-)\ + a)\+1Xl+n+(>\+1) bt
oy X2 g X
(2.2)
—bX™ 4 bOXern + lem+n+1 4o+ b/\XernJr/\ + b/\+1Xm+n+()\+1) 4.

+ anerQn + bn+1X(m+2n+1) I querq.

Sincem —l <n=m<n+1[,soa=>b=0. Hence equation 2.2 becomes

f :aoXl+” + aleJ“(”H) + -+ OJ,\XZ-HH_)\ -+ a)\+1Xl+n+(>\+1) + o+
A X2 g X
(2.3)

anm+2n + bn+1X(m+2n+1) I qum-l—q‘
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Sincem4+n=I0+n+Am+(n+1)=101+A+n+1 and so on, therefore ag = a; =
c-=ay_1 =0and ay = by, ay;1 = b1, ax;2 = by, and so on. Hence from equation 2.3

we get,

F =by X" 4 b1Xm+(n+1) o by XA 4 leXernJr(AH) bt
(2.4)
anm+2n 4 bn+1xm+2n+l R querq.

Since X' ¢ D + X" D[X] if i < n, therefore equation 2.4 can be written as

=X 0o + by X" 4 by X" 4 b, X £ by XD g
(2.5)
b}\Xm-‘,-n-‘,-)\ + b>\+1Xm+n+()\+1) I bn—le+(2n_1)-

Hence, f € (Xm+n, Xmtsl) | xm+@n=1), .

Theorem 2.2. Assume that n < \; < A < -+ < A1 < A\, are positive integers.
Then the intersection of the ideals (X*), (X*?),..., (X*) in the ring D + X"D[X]
s given by:
(X)), if M — A1 >
(X)) (X)) -0 (X)) =
XA (X”,X”“, ...,XQ”_l), if M — Ag—1 < .

Proof. Case 1. If A\, — A1 > n: Since, A\y — A1 > n we have A\, — \; > n; Vi =
1,2,....,k — 1. So, we can write X™* = XXM~ which gives X € (X’\i);W =
1,2, k—1.

Therefore, (X)‘l) N (X’\Q) N---N (X’\k) = (X’\k).

Case 2. If Ay — A\z_1 < n: Using Theorem 2.1 we have,

() ) NN (X
(2.6)
= (XM) N (X)) e (Xe2) 0 (X XD At enmly
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Since, A\; < \g < -+ < \p_1 < A\ are positive integers, we have,
M—ANi+n+t>n, foreveryt>0and Vi=1,2,....k — 2.

So, we can write XMt = XA Atnt XA which gives XAt € (XA) for every
t>0and Vi=1,2, ...,k — 2. Therefore,

XAt XAt | XAl e (XA Vi = 1,2, ..., k — 2. This implies

(XAwtn, XMertan | X Merea-n) C(XM) N (XM2)N-- -0 (XM-2). Hence, from equa-

tion 2.6, we get

A A2 Ak) — Ax+n A+ (n+1) Ap+(2n—1)
(XM) N (X)) N---n (X)) = (XM X e X )
(2.7)
= XM (X7 X LX),

O
Theorem 2.3. Suppose that n < A < Ay < -+ < A1 < A are positive integers,

such that Ay — A\ <n, and I = (X’\l,X)‘Q, ...,X’\k) be an ideal in R = D + X"D[X].
Then

(i) I = & - (X7, X7 X2,

(11) IU _ XM (Xn’XnJrl’ M’Xanl) — (X)\I,X)\1+1, M’X)\lJrn,l)'

Proof. (i):

U= (XN X X T

1 1 1
= —RN—RN---N—R

= X>\1 X)\Q X>\k

= m[( >\2+)\3+...+>\k) N (Xk1+>\3+---+>\k) N---N (Xk1+>\2+---+)\k_1)]
1

= e PO (0 XL X (by Theorem 2.2)

1
= <n

(XX LX),
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L= (1Y) =xM . (xn, xmH L x2en T

XM
= Xn
= (XM, Xt X

(X, XL XY using case (i)

U

Example 2.1. Let R = Z + XYZ[X] and I = (X12,X13,X15,X16,X17). Then
M= (XXM XL XY and I, = (X712, X8 XM LX),

Remark 2.1. Assume that n < A\; < Ay < --- < A, are consecutive positive integers.

Then (X)‘l, X2 X)‘") is a divisorial ideal in the ring D + X" D[X].

Lemma 2.1. Let d € D — {0}, n > 1 be an integer and R = D + X"D[X]|. Then
dRNX*R = dX*R for any k > n.

Proof. Clearly, dRN X*R D dX*R. Let f € dRN X*R. Then for A\ = k —n,

f=dla+aX"+a X"+ da X+ a,X™).
(2.8)
=X5(b+bpX™ + by X"+ 5, X ).

This implies that
f =da+ dag X" + da; X"t + -+ day X* + - - - + da,, X™.

(2.9)
:ka + bOXk:—I—n + lek—I—n—I—l 4ot quq.

This implies a =ag =a; = --- =ay_; = 0 and d | b, by, by, ..., by.
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(2.10) f=X b+ 0o X" + b X"+ 45, X7,
Hence f € dX*R. O

Theorem 2.4. Let D be a GCD domain and n < \; < Ay be positive integers. Then
the intersection of the ideals (aX’\l) and (bX)‘Q) in the ring D + X"D[X] is given

by:
(ZX)Q), Zf )\2 - )\1 > n,
(aX™) 1 (bX) =
X2 (X, X LX) if A — A <.
where a,b € D and | = lem(a,b).

Proof. By using Lemma 2.1, we get that (aX)‘l) N (bX’\Q) = (a) N (b) N (X’\l) N (X’\Q).

Now apply Theorem 2.1. 0

Theorem 2.5. Let D be a GCD domain andn < Ay < Aoy < -++ < A\p_1 < A\ be posi-
tive integers. Then the intersection of the monomaial ideals (alX)‘l), (agX’\Q), e (akX’\k)
in the ring D + X"DI[X] is given by:
(ZX’\k), if Me — A1 > n;
(alXAl)ﬁ(agX’\Q)ﬂ- . -ﬁ(akX)‘k) =

lX)xk . (Xn’Xn-H’ “.’X2”_1>’ Zf )\k — )\k,1 <n.

where ay, g, ...,ax € D and | = lem(ay, ag, ..., ag).
Proof. By using Lemma 2.1, we get that
(a1 XM)N (a2 X )N N (ap X)) = (a1)N(az2) NN (ag) (XA N(X2)N- N ().

Now apply Theorem 2.2.
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Theorem 2.6. Let D be a GCD domain, n < A\j < Ay < -+ < A1 < A\ be positive
integers, such that Ay — Mg_1 < n, and I = (a1 X, a:X™?, ..., ax X**) be an ideal in
R=D+ X"D[X]. Then

() I = —L . (X, X" X201,

alag---akX)‘l

(ii) I, = ajag--ap XM (X",X"Jrl, ...,in*l) — aiag-ag (XAI’XAlJrl’ ...,X’\1+"71>,

LXn L

where ay, as, ...,ax € D and L = lem(asgas - - - ay, a1a3a4 + -+ Qg ..., Q100 -+ - A_1).

Proof. (i):
IV = (XN, 0, X7, X)) T
1 1 1
= RN RNn.---N———R.
alX’\l GQX)‘Q akX)‘k
Let A = ayagas - - - ap, A1 = asasay - - - ay, As = arasay - - - ay, ..., and Ay, = aras -+ - ap_1.

Then we have

1
AX Aot

- [(AlX)\2+/\3+"'+/\k) N (A2X)\1+/\3+---+/\k) O---N (AkX)\1+/\2+"'+/\k—1):|

I X A2tAs++A,
= e (X”,X”“, s X2”_1); (by Theorem 2.5)
L

= Toon (

X XL X

A
o= ()7 = A e oy
A1
_ /Il/Xn . (Xn, Xn+1, - )(271—1); (by using Theorem 23)
= Ao, xne )
L 5 g eeey *
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Corollary 2.1. If D is a PID, n < A} < Ay < -+ < N1 < A\, are positive
integers, such that Ay — A1 < n, and I = (a1 XM, a2 X2, ..., ap X™) is an ideal of

R =D+ X"D[X], then

(i) I7! = L (X, XX,

ged(ai,az,...,ar) X
(ii) I, = ng(ala ag, ..., ak) . (X"’ X”Jrl’ m’XQn—l)'

where ay, as, ...,a € D.

Example 2.2. Let R = Z[i] + X°Z[i][X] and I = (4X°, (14+4)X®,2(1—i)X?). Then

I = b - (X5, X6, X7, X8, X9) and I, = (1+1). (X%, X7, X, X%, X10).
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