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SOME CHARACTERIZATIONS OF CAMPANATO SPACES VIA
THE COMMUTATOR OF FRACTIONAL INTEGRAL OPERATOR

DAN LI U, ZHENLONG ZHANG > AND ZONGGUANG LIU )

ABSTRACT. In this paper, we give some characterizations of Campanato spaces via

the commutators or higher order commutators of fractional integral operator.

1. INTRODUCTION

In 1976, Coifman, Rochberg and Weiss [1] obtained the characterization of BMO
spaces; they proved that the commutator 7T}, is bounded in LP(R™) (1 < p < o0) if
and only if b € BMO(RR"), where T is well-known Calderén-Zygmund singular integral
operator .

In 1978, Janson [2] gave a characterization of Lipschitz space; he proved that T,
is bounded from LP(R™) to LI(R") if and only if b € Lipg(R"), where 1 < p < ¢ <

00,0 < B < 1,% == — g and Lipg(R") is the Lipschitz space with the equivalent

1
p

norm

1
||b||Lip (Rn) = SUpP / |b_ bQ|
R L

1 / !
A sup - b — bol
: <\@!“f .

2, hER™, h£0 |h|ﬁ
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where by = Wl\ /. o b(z)dz, Q denotes any cube contained in R" and |Q| is the Lebesgue
measure of ().

In 1997, Ding [3] proved that T} is bounded from MP#(R"™) to MP#(R") if and
only if b € BMO(R™), where 1 < p < o0, —% < B < 0 and MPA(R") is the classical

Morrey space with norm

1

1 1 P

16l = 5D [ 11 =sup—(— / |b|p) .
e N RN TSI AN oIR8

In 2013, Shi [4] obtained that T} is bounded from MP#(R") to M%3(R") if and only
if b € Lip,(R") for some suitable conditions. He also proved that T} is bounded from
MP2P2(R™) to CPA(R™) if and only if b € CP+#1(R"™) for some suitable conditions.

Let —% <f<land 1 <p< 0. A locally intergrable function f is said to belong
to Campanato spaces CP?(R") if

1 /1 D\ 7
Wllersen =39 i =10 (s [V = faf ) <o
Shi [4] also proved that

(

= BMO(R"), for 3=0,

CPP(R™) S = Lipg(R™), for0<pg<1,

D MPA(R™), for =2 < 3 <0.
\ p

Shi [5] obtained some results about commutator of fractional integral.
In 1982, Chanillo [6] obtained that [b, I,] is bounded from LP(R") to L?(R") if and

only if b € BMO(R"), where 1 < p < ¢ < o0, O<a<nand%:

1_«a
p n’

Let 0 < a < n and b € Lj,.(R"), m-order commutator , [b, I,]"™ , generated by I,
and b is defined by

b, L) f (z) = / [b(z) = b(y)"™

n—«
R |7 =y

f(y)dy.
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For 0 < a <n and f € Lj;,.(R™), define M,, by

e LI

An equivalent definition of M, is
1
M, (f)(x) = sup T |f(y)ldy,
where the supremum is taken over all cubes @), in R™ with the center at z and with

the sides parallel to the axes.

Lemma 1.1. [T Let 1 <p <2, 0<a<n t=1-¢ 0<14+2 <2 2 <5<

and 3 = a+ (3. Then the fractional integral operator

If(z) = /R W)y,

nlz =y

is bounded from MPB(R™) to M%P(R™).

Lemma 1.2. [4] Suppose Q. C Q and b € CPYP1(R™) with 1 < p; < oo and — <
01 < 0. Then

5
bq. — bol < C[bll e 61 ey | Q] 7 -

2. MAIN RESULTS

Now we formulate our results as follows:

Theorem 2.1. Let 1 < p < o0, 0 < a < min{l, § ,—%§ﬁ<0,0<1+%ﬁ<§,

% = % — 270‘ and 3 = 2a + (3. The following statements are equivalent:

(1) b € Lip,(R™).
(2) |b, 1] is a bounded operator from MPHP(R™) to M‘LE(R").
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: n n 1 _ 1 (m+1)a
Theorem 2.2. Let1<p<oo,0<a<min{l, 5}, — < B <0, e =p n

B = (m+1)a+8 andb € Lip,(R"), then [b, I,]™ is a bounded operator from MP#(R")
to MoP(R™).

~

Conversely, if m is an even integer, [b, I,]™ is a bounded operator from MPP(R™)
to M%P(R™) | then b € Lipa(R").

Theorem 2.3. Letmax{l,ﬁ}<q< n pil—i—p%:i, B=0F+0, L+L=

a’ p1 p3
%a 53:ﬁ2_a7 1%2:]%3_%7 1<p3<§a 0<1+%<Z_25 ]_<p<OO, _pﬂzgﬁl<
0i@i=13), —2<0<0, 1 <p<ooandbe CPLAL (R, then [b, 1, is a bounded
operator from MP»P3(R™) to CPP(R™) .

Conversely, if py is an even integer, [b,1,] is a bounded operator from MP3P3(R™)

to CPP(R™) and there exist a constant C > 0 such that for that any Q C R",

C
2.1 sup|b—b|§—/|b—b|,
( ) Q Q |Q| o Q

then b € CP1P1(R™).

1,1 _ 1 1 _ 1
Theorem 2.4. Let max{l, {75} <q <2, -+ = B=mbi+ [, 5+ -=,
53:ﬁ2_047pi2:pi3_%7

—r<G<0i=13),-2<f<0andbe CPLPL(R™), then [b, 1,)™ is a bounded
operator from MP»P(R") to CPP(R™).

Q=

— 2 1l<py <2 0<1+BE B | <)o,

Conversely, if m is an even integer, m > py, [b, I,]™ is a bounded operator from

MPs8s(R™) to CPB(R™), then b € CP1o1 (R,

Remark 2.1. Inequalities (2.1) can be thought of as a form of mean value inequality.
Besides polynominal functions, mean value inequalities also characterize harmonic
functions(see [8]). Solutions to a large class of elliptic second order PDEs satify the

mean value inequality.
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Proof of Theorem 2.1.
(1) = (2). We can obtain

o tuls) = | [ S 0y

</ blx) —by)| I,

|:L,_y|01 |ZL'— |n72a

n |z =yl

< Claa(|f])(2)-

By Lemma 1.1, [b, I,] is a bounded operator from MP?(R"™) to Mq’g(R”).
(2) = (1). From [2] and [9], we can choose zp € R", § > 0 such that in the
neighborhood {z : |z — zy| < d4/n}, function |z|"~® can be represented as a Fourier

series which absolutely converges. That is

0o
|z‘nfa _ Z ame“”m’Z).
m=0

Let z; = 0 'zp. Choose any cube Q = Q (g, 7). Set yo = 1g—7r2z1 and Q' = Q' (yo,7) .

Thus, if z € Q and y € ', we have

r—y
r

— 2

T — Xo Y —Yo
S

Now set s(z) = sgn [b(z) — by, then

/Q () — berldar = /Q (b(a) — boy)s(a)da

\@3\ /Q / (b(x) = b(y))s(z)dydz:

e [ St

oY [ [ SRR e v

n—ox

s(z)xq(7)xq (y)dydx

Set

—id U,y
fn(y) = eV xan (y)
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and
i VU, T
gm () = €m0 s(x)x g (x),

then

Ca b(z) — bly) DV
e —polie < oS [ SO g 2
<O Y lanl [ 1102 (1)) gn(2)] da

<Y Janl /Q b, L] (fo) )]

Applying the Hoélder’s inequality,
1 ¢ Na
[ n) Gl < (7 [ g0 ) 1o

= QI b, Za] (fu) (@)l e
< 1Q™ ¥ @) oy

— QI 1QI™

= Q"

Therefore we can obtain that
/ b(z) — b ldx < Cre|Q|"+
Q
=ClQI"™.
This implies that

|
[ ba) = bgldz < C.
Q"™ Jq

Thus we have b € Lip,(R").
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Proof of Theorem 2.2.

We first give the proof of sufficiency. We can obtain

.1l = | [ PO iy
) ~ blo)I”
< [ Py

_ b(z) —b)[1™ £ ()]
N /n [ |z —y|* } \x—y\”_(m+1)o‘dy
< Clgnina(| f1)(2).

By Lemma 1.1, [b, I,]™ is a bounded operator from MP#(R") to MQ’E(R”).
Next we will give the proof of necessity.

Let zg, 0, x and y be the same as in Theorem 2.1. We have

o=t = [ [ [ 0 -t
</Q(|Q| G <>!dy)mdx

1
b(z) — b(y)|™dyd
S/Q\@'\ [ 10(0) —bfo)|" g

v))"dydx
-G / e

m

dx

n—«

|2 =9 e)xe () dyda

r

— " o8 (o
:CT_QZ%/ / Iz y|n—)a) ey () o (y) dyd.
k n n -

Set

and

205



206 DAN LI, ZHENLONG ZHANG AND ZONGGUANG LIU

We can obtain

[ —torar<cre o [ [ PO ppatos
Q k

o3 /Q b, Z)™ fu()] |9 ()|
Cr=@ a b, I,]" fir(x)|dx.
> k|/Q|[ ™ fo(a)]

Applying the Hoélder’s inequality,

/Q b, L] fula)lde < (@ / b, 1™ () (@) da:) Q
— QI b L]™ () (@) g
< QI )y

— Q" |Q

|Q’1+ (m+1)a

Therefore we can obtain that

/‘b —bQ/| dl‘<C7’7Q‘Q|

14 (mADe (m+1)a

m+1)a o

=ClQI"
= Q"
Thus we have obtained
1 m
W/Q |b(z) — bgr|"dx < C.

Thus we have b € Lip,(R").
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Proof of Theorem 2.3.

We first give the proof of sufficiency. For a cube @ = Q(zg,7) C R* and y € @,
take f € MP>P3(R") and set f; = fxag and fo = f — f1. Noticing that

[ba [a]f = [b - anla]fa

we have

'Qﬁl’*f (/Q b, 1) £ ) = (D, za]f)ledy)%

(/Q 16— bg, La] f(y) — (b, Ia]f)Q|pdy) v
</ (0= balef ) = Lalb = b)) = (0 Ia]f)deyy
( | |;+§ (/Q\[a(b—bQ)fl(y)’pdy>%

( et =) o) - 1(0 = o) a(ag)'dy )

QP

|@|p+ﬁ

)
< Qﬁg o) b))y )+

B
|Q|P+
— [+ 11+1I1I.

The Holder’s inequality and Lemma 1.1 imply

r- ﬁ ( [ 106 - b@faf(yﬂp(y)f
|Q|p 1 AL )~ body)’ . ( / |Iaf(y)\p2dy>$

< ||b||CP17ﬂ1(Rn) ||Iaf||Mp2ﬁ2(Rn)

< C|bllgrron @yl £ | aps.65 @@y -
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The Holder’s inequality implies

|Q|p (/ 1,06 — b iy >\pdy)1

1
1(b — bQ)fl”LQ(R")

QP *

| > -
< b(y) — bo|"d Psd
<o ([ 1w =varan)”™ ([ 1ria)

< C|bllgeron @yl | aps.65 @y -

1] =

We now turn to the estimate for the term 777, it may be concluded that

116 (b = bq) fo(y) — 1a(b — bg) fo(rq)|

| o — e 0 — b))

ly — 2" g

1
< /(QQ WW — zq|[b(2) — bgl| fo(2)|d=
- 1
: Z/QkQ\leQ W (‘b(z) — barg| +[bg — bQ’“QD | f(2)]d=
k=2

<D FGTE g M9~ ol + b= g G

which yields

oL
1 P
et (] )
Q> \Ye |i=

- 1
> sgrE 1)~ baallf ()l

1
0 P\ p
; / 1 /
t— g — bo — barol] f(2)|dz
‘Q|5+g ( Q | k=2 2k |126QI 2kQ| @~ boll/(2)] )

=111 + 111.
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We can obtain

1 = 1
1= —— |5 e [ 1e) — bagll fnangl)ld:
Q>+ ;QHQkQP v Jarg 2o 2 .
< 2 o s [ 106) -l sOnmad
>~ " 1.8 2 = Z) — D9k Z)Xoko\Z)|az
|Q|E+§ =2 2k |2kQ|1 n QkQ 2Q e r
J |
< 5 > o | Ma (6(2) = b2r0) f(DDxzra(2) | 1,
QP =
|
S5 >, o" |(b(2) = barg) f (2)x2:0(2)]| L
‘Q|p " k=2
1 [es) 1 1 1
<— > b(z) — byol” ) / fzp3)p3
Sl ([ tear ) ([
< C|bll v @ey L f | agps s )
M= |3 ot [ g = bagll gl
2 = T — Q — Dok Z)Xaro(2)|dz
Q77 || 2¢125Q1 7 Jarg 2 2 .
1
1EZ e [ o= ballf()xag(ld:
p n QkQ Lp

8

1 1
< Z—kHbHcm 51(R")ﬁ | Mo (f (2)x2r0(2))]]

K2 |

>~ 1 1
<3 e lbllon o — 1 1 (2Dl
k=2 Q7"
1
< 1 1 b3 1
< awﬁn———UNWﬂBMH

< C|bllgrro1 @yl | aps.65 @@y -

Next we will give the proof of necessity.
We first claim that for fixed Q C R", b € CP19(Q) and f € MP353(Q) with
Hf”MPBﬁB(Q) |Q‘77 we have

ﬂlm Bt+a

(2.2) 1. Lal™ Flloraay < ClRI™S (| fllamasae) < Q)

209
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We shall prove (2.2) by induction.
When m =1,
_B3
116, Lol fllerai@) < Cllflarraes @) = ClQI

We now assume that for any b € CP+%1(Q), we have

B1(m—2) B1(m—2)—B+a

116, L™ Fllers@) < ClQIT 7 If sy < ClQIT

Next we show the case m.

.11 = [ 0) b)) 0e) = b
< | [ 00) = b P 0e) = by
#| [ 00 =00 e 100) - o)

< b = boll[b, L) f ()] + [[b, L] (b = o) f) ()]

=: J1 + JQ.

1llersi@) < [IIb = bolllb, Ll flll oo

< 16 =ballze |16, 1] " f || oo

1 B1(m=2)
<C— [ |b—bgldz|Q| = ”fHMPSvﬂS(Q)
1@l Jg
B1(m—1)
< CHbHcmﬂl(Q)|’fHMp3’B3(Q)|Q‘ !
<l

B1(m—2)
[2llersq) < ClQI™ = [I(b = Q) fll yos.05 )

B1(m—1)
<@l ||b||CP1v31(Q)||f||MP3»ﬁ3(Q)

Bimta—pB

<ol
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Similar to Theorem 2.1, we can obtain that
[ @) = bords < € Yl [ [ () o) da
Q m Q
B—a
< o, L () ey 1015
< |Q
So
o [ @) ~belm < ©
QI+ Ja -

Which completes the proof of Theorem 2.3.
Proof of Theorem 2.4.

We first give the proof of sufficiency. The proof is similar to that of Theorem 2.2.

/ |b(x) — bQ,|p1d:p < (/ b(x) — bQ/|m) " |Q|1_%
Q Q

=C (TQ/Q |[b, [a]m(fk)(x)‘dx>% QI

pP1

o m B\m | 1ot
< C (12 [b L] fellomsqan) |QI5) ™ QI

p1

P1
_a B\ m _pn
< C (1QI7% | fellasms e @) ™ 1QI
< Clg
= Y
So we can obtain

1 1
EEEELW@—%PMSG

Next we will give the proof of necessity.
For a cube Q = Q(rq,r) C R" and y € Q, take f € MP>P2(R") and set f; = fx2q
and fo = f — fi. Noticing that

b, )" f =1[b—bg, L™ f,
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We have

@'% (/Q 10 L] F (y) = (b ]a]mf)Q|pdy) z
< |Q|1§+,‘i (/Q |(b(y) — bQ)m]af(y)lpdyf

1 »
: Q| (/Q Halb= bQ)mfl(y)|pdy)

+ % (/ 1o (b—bg)™ f2(y) — 1a(b— bQ)mfz(ﬂfQ)\pdy>
Q== \ /e

=VII+VIII+IX.

The Holder’s inequality and Lemma 1.1 imply

1 L 3
VII < b(y) — bo|P*d I, P2
<o ([ e =soran)”™ ([ ireswpiay)

< (I1bllgerer gny) ™ Mok | agoa-to gy

< C (1bllgoror @)™ 1S N agoss qomy-

=
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From Lemma 1.2, it follows that

VIII < o (6 —bQ)™ fx20ll e
1 m
P (I[(bag — bQ)™ fx20llLa + [[(b — b2g)™ fX20l| e)

m

1 BL\™ L
< —— ( (Ibllomn @l Q1) ||foQ||Lq+(/ |b(y)—b2Q|p1dy)
Q7 n 2Q

<( If(y)|”3dy)p13)
2Q
o (1Bllon ol ( / ) \f(y>!”3dy)a 20/

Q"

o (18llomn )™ 1 llgos s
1

<
QI
o (18llcmsn )™ 1 llgms ey

<C (”bHCPlﬂl(Rn))m ||f||MP3’53(Rn)-
We now turn to the estimate for the term /X. So

mﬂl

5 ((IBllcrm o)) ™ 1 mss oy 1201 445

1 - 1
X2 |3 s [ ) = bl gl
o/ |;2k|2k@|1 " Jarg .
b IS e [ bl g ()
1 _a Q — U2kQ z XQkQ z z
QA |2 T o )
= IXl—f-]XQ
We have
P05 e > g L M) bl
= 1 vl pener sy — box k
1 |Q|P g ok " o 2kQ 2kQ o
IQI +ﬁ ng [(b(2) = barg)™ F(2)x200(2)||
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1 N 1 p1 % p3 %
< m (Lol tear) (L)

k=2
: EOO: : mn mBy_ B3 1
= 1+5 ok (”bHCmﬂl(Rn)) Hf”Mp3ﬂg(Rn)|2kQ| R
|Q|P n k=2
= E ﬁ1m+ﬁ3+**1 (HbHCm,ﬁl(Rn))m||f||Mp3,B3(Rn)
k=2

< C(HbHCPlﬁl(R"))m||f||MP3753(R")-

Apply Lemma 1.2 to I X5, we have

o0

1 1 1
< — Y gl o [ b= bl el
\Qﬁ*i;?’“ [25QI Jarg v
1 1 BI\™
STl (1Bl gy @1 )™ IMalFrong) s
" k=2
1 K1
< oz 3 g (Plomanenl 1) Wl
k=2
<ot S (lonnol@®)" ([ 1)l
Tojeprr 2V )
k=2
= CZ 254D (10| goros my) ™ 11 | vasess ey
k=2

< C (1bllgror @my) ™ 1S agosto qomy-
This finishes the proof of Theorem 2.4.
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